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Preface to the Second Edition 


In the new edition of this book dpporfunity has been taken to enlarge 
the scope of its contents and to bring it up to date. Most of the book 
has been entirely rewritten. An attempt has been made to cover 
the theory, design, and applications of the motor. It may appear to 
some that emphasis has been laid too heavily on design and design 
principles, but it is my belief that the machine is best understood, in 
all its forms, when design principles are thoroughly mastered. 
Much additional ma'teiial has been introduced in connection with 
single-phase machines, selsyns, the three-phase series and shunt 
commutator motors, a new theory of the single-phase motor, and 
also the application of symmetrical components to conditions of un- 
balance. Fractional-horse-power motors have received fairly full 
treatment and typical designs are worked out for single- and three- 
phase types. 

In preparing and writing this secpond edition, I am greatly 
indebted to the works of the late B. A. Behrend, of Boston — the great 
pioneer iif this field; to the work of Prof. Waldo Lyon; to Messrs. 
Wagner and Evans; to Dr. Liwschitz-Garik; and to the American 
Institute of Electrical Engineers. I also wish to express gratclul 
thanks to The Westinghouse Electric Corporation for photos of 
fractional h.p. machines; to The B.T.H. Co., ol' Rugby, for photos, 
curves, and data on control and selsyns; to The English Electric 
Go., ol' StalTord, for excellent photos ol' machines, windings, and 
regulators; and to Messrs. Clarke Chapman for photos ol' machines 
and windings, and also for drawings. I hope the book will have a 
wide appeal to students and engineers. 

H. VICKERS 


February, 1949 



Preface to the First Edition 


This book is intended to introduce the student to the theory and 
design of induction motors. 

An attempt has been made to deal with the latest developments 
in speed and power-factor control, and to incorporate most of the 
theory connected with the motor and its applications. 

While the scope of the book is large, it is hoped that no section 
of the work is lacking in thoroughness. An endeavour has been 
made to place the design of induction motors on a firmer scientific 
basis than it has rested upon heretofore. 

In this work I have largely drawn on my own experience, but I 
am deeply conscious of my great debt to various writers. 

In the course of the work many technical journals, and especially 
the Proceedings of the American Institute of Electrical Engineers^ have 
been consulted and, in addition, use has been made of the works 
of Steinmetz. 

Due acknowledgment has been made, throughout the book, of 
the sources from which the information has been drawn. 

It is hoped that the book will make a large appeal to engineers 
and students of the various technical colleges and universities. 

H. VICKERS 

Vancouver 

Canada 
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Introductory 


It will be interesting to the student of electrical engineering to have 
some account of the fascinating history of the induction motor. The 
discovery by Gambey, the instrument-maker of Paris, that a compass 
needle, when disturbed and set oscillating, comes to rest more 
quickly when it is in the vicinity of copper, than when wood is 
near it, was made in 1824. At that time also Barlow and Marsh, at 
Woolwich, had observed the effect on a magnetic needle of rotating 
it near a sphere of iron. Arago published, in 1824, account of an 
experiment with a compass needle within rings of different materials. 
In this experiment he pushed the needle aside to about 45° and 
counted the number of oscillations made by the needle before the 
swing decreased to 10°. With a ring of wood the number of oscilla- 
tions was 145; with a copper ring 66; and with a stout copper ring 
only 33. In 1825 he suspended a compass needle over a rotating 
copper disc and found that, by turning the disc slowly, the needle is 
deviated out of the magnetic meridian. By rotating the disc fast 
enough he found that continuous rotation of the needle could be 
produced. The brilliant discovery by Faraday, in 1831, of electro- 
magnetic induction provided the solution to the question of the 
origin of the I'orccs present in the above experiments of Gambey, 
Barlow and Marsh, and Arago. Faraday showed that the rotation 
of the Arago disc' was due to induced currents, set up in the disc by 
relative motion of disc and compass needle. From 1831 to 1879 
this valual)lc discovery produced no further results. In June, 1879, 
Mr. Walter Baily rc'ad a paper, before the Physical Society of 
I.ondon, on ''A Mode of Producing Arago \s Rotations.” Baily used 
a fixcxl electromagnet with four magnet cores joined to a yoke. 

'Flic four magnet cores were about 4 in. long and each was wound 
with about 130 turns of insulated copper wire of 2-5 mm diameter. The 
('oils w(‘re connected two and two in scries, similar to two independent 
horse-shoe magnets and were set diagonally across one to another. 

The two circuits were connected separately to a revolving com- 
mutator, built up of a simple arrangement of springs and contact 
strips mounted on a piece of wood, with a wire handle by which it 
was turned. By rotation, the currents from two batteries were 
caused to be reversed alternately in the two circuits, and this gave 
rise to the following changes in polarity of the four poles. 
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In this rotating magnetic field a copper disc was suspended. He 
stated: “The rotation of the disc is due to that of the magnetic field 
in which it is suspended, and we should expect that, if a similar 
motion of the field could be produced by any other means the result 
would be a similar motion of the disc.’’ He also suggested that if a 
whole circle of poles were arranged under the disc, successively 
excited in opposite pairs, the series of impulses all tend to make the 
disc revolve in one direction around the axis, and added: “In one 
extreme case, when the number of electromagnets is infinite, we 
have the case of a uniform rotation of the magnetic field, such as we 
obtain by rotating permanent magnets.” It is clear that Mr, Baily 
had grasped the fundamental principle of action of the induction 
motor, and the motor he exhibited before the Physical Society, in 
1879, was the first induction motor, but it needed later important 
discoveries of methods for producing the revolving field by means of 
alternating currents to make it the useful machine that it is to-day. 
The next discovery was made by Marcel Deprez in 1883. 

Dcprez fed alternating current to a coil, which produced an 
alternating or oscillating field along the OX axis. He supplied 
another coil, whose magnetic axis made an angle of 90° with the 
OX axis, with alternating current, whose phase difference was 90° in 
time from the current in the first coil, and showed that a revolving 
field of constant amplitude could be produced. The frequency of 
the two currents was the same. He also showed that if the two currents 
were of equal period, but not of equal amplitude, an elliptically 
rotating field was produced. The number of turns in each coil was 
the same. 

Professor Ferraris arrived at the same conclusions as Baily and 
Deprez in 1885, and apparently without knowing of the work of 
either. His paper on “Electrodynamic Rotations Produced by 
Means of Alternating Currents” was published in 1888. He sug- 
gested the method of obtaining currents, differing in phase by nearly 
90°, by inserting a resistance in one winding and inductance in the 


other, thus making the ratio of 


reactance 

resistance 


small in one winding and 


large in the other. This method, it may be noted, is largely used for 
starting up single-phase motors. 

Then followed the great work of Nikola Tesla between 1887 and 
1 8g I . His researches placed the induction motor on a sound founda- 
tion. His patents were sold to the Westinghouse Go. of America, 
whose pioneer efforts in this field must be recognized. In that period, 
however, the only a.c. supply circuits were single phase, and the 
frequencies were 133 and 125 c/s. These supply circuits were 
obviously unsuitable for the development of the motor. 

In 1891 the Electrotechnical Exhibition at Frankfort was held, 
and three-phase transmission of power was demonstrated. Two 
turbine-driven three-phase generators were installed at Lauffen, 



INTRODVCTORT 3 

generating 1400 A at 55 V. The frequency was 40 c/s. Three- 
phase transformers were installed, at each en4 of the line, to raise 
the voltage to 8000 V at Lauifen, and to reduce it to 65 V at 
Frankfort. The distance of transmission was no miles. This bold 
experiment demonstrated the feasibility of three-phase transmission 
of energy. The load consisted of a 100 h.p. three-phase motor and 
also lamps. Several German firms exhibited different types of three- 
phase induction motors at the exhibition. One three-phase, 3 b.h.p. 
motor had the three-phase supply brought into the rotor by three 
slip-rings, the secondary circuit, being the stator winding, consisted 
of a closed-circuit winding. Several motors, built by the Oerlikon 
Co., and designed by the late C. E. L. Brown, were shown. One such 
motor was a three-phase, 20 b.h.p. motor. It had a distributed 
stator winding and a squirrel-cage rotor, and a small air-gap. The 
squirrel-cage rotor was the invention of Mr. Dolivo-Dobrowolsky, 
who co-operated with Mr. Brown in the design of these motors. 
This motor of Brown’s closely resembled in construction the motor of 
to-day. From the short account given, it will be realized that much 
progress was made purely as the result of experiment, and that much 
theoretical investigation was needed to explain the reactions taking 
place in the motor, and also to show how it could be designed to 
give the characteristics desired. To that end it was necessary to 
give a lucid theory of alternating currents. Thomas H. Blakesley 
gave a series of ten brilliant papers in the Electrician in 1885. He 
discussed, for the first time, alternating current phenomena by means 
of polar diagrams. Then followed the work of the late Professor 
Gisbcrt Kapp in his papers contributed to the Institute of Civil and 
Electrical Engineers in 1890. 

In 1892, F. Bedell and A. G. Grehore published their book, 
Alternating Currents^ in which polar diagrams were used and applied 
to the theory of the transformer and the locus of the primary e.m.f. 
of the current transformer was shown to be a circle. In 1894, Kapp 
gave a very lucid elementary account of the phenomena in induction 
motors. The polar diagram was developed and included the primary 
resistance and leakage. His diagram was given for each point of 
the load, and gave no general solution showing how the different 
characteristics varied with the load. 

In 1895, Blondel gave his papers on “Some General Properties of 
Revolving Magnetic Fields.” In these papers, published in Eclairage 
Electrique, he unfolded the theory of the composition of magnetic 
fluxes, including leakage fluxes. In 1895 also, the late Mr. B. A. 
Behrend proved that the locus of the primary current of the alter- 
nating-current transformer is a circle in the polar diagrams, provided 
the primary resultant magnetic field is constant. The circle locus of 
the induction motor was also shown by A. Heyland in 1894. There 
has been much controversy about priority in this discovery. Part of 
the credit must be given to Dr. Bedell, who stated: “In any circuit 
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or apparatus with constant reactance and variable power consump- 
tion, the current will have a circle locus if the supply voltage is 
constant/’ This was first shown by Bedell and Grehore in 1892. 

Bedell also states: “That the induction motor nearly fulfils those 
conditions and that its current locus is practically the arc of a circle, 
was first shown by Heyland in 1894.” It is also stated that Kapp and 
Behn-Eschenberg first pointed out the identity of the theory of the 
a.c. transformer and the induction motor in 1893 and 1894. 

The circle diagram in use to-day is undoubtedly due to Behrend, 
and one is impressed with the beautiful simplicity of the diagram, 
and the ease with which the characteristics of the motor are deter- 
mined from it, commends it to the designer. My first knowledge of 
this motor came from his stimulating book, the first edition of which 
was published in 1901. The second edition was published in 1921. 
Behrend was greatly interested in this motor and, when the first 
edition of this book appeared in 1925, he invited me to Boston and 
expressed great pleasure at my entry into this field, which he had 
made so much his own and to which he had contributed so much. 
I visited him in Boston. To me he was most gracious. I was im- 
pressed with his personality and especially with his modesty. He 
was a great friend of Heaviside, and I was surprised to see on the 
walls of his home photographs of Heaviside at various ages. 

Even at that time the general outline was clearly seen, but there 
remained many important questions to be answered. The circle 
diagram clearly demonstrated the need for a small air-gap length, 
for high power factor, and a large ideal short-ciixuit current. All 
the main characteristics, such as torque, power, current, slip, 
efficiency are readily determined from the Behrend circle diagram. 
Behrend gave an empirical formula for the dispersion coefficient in 

the form cr = ( 7 -, where d = gap length, r = pole pitch, and 

G = a factor which varied with slot dimensions and other things. 

This led some to assume that the best power factor was obtainable 
by using larger and larger ratios of diameter to core length for a 
given D^L. 

Closer analysis has shown that this is not true, and the exact 
relation of i) to i for best power factor was given by me in my 
book in 1925. 

Although the relation of dimensions to characteristics was known 
about 1900 or so, it remained to determine the effect of harmonics, 
due to the distribution of the winding, and also due to slots, on the 
performance of the motor. Analysis of the m.m.f. diagrams showed 
that several rotating fields were produced, the fundamental and 
various harmonics. These fields rotate at different speeds with 
respect to the rotor, and some rotate in the same direction, some in 
the opposite direction, and produce both driving and retarding 
torques. Such harmonics may, and do, produce noise and vibration, 






PI.ATE 1 

(Upper) Squirrel-cac;e Rotor 

{Courtesy English Electric Co., Ltd.) 

Itator for Common Type of Induction Motor 

{Courtesy English Electric Co., Ltd.) 
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and may;, by producing saddle backs in the torque curve, prevent the 
machine from accelerating to full speed. Especially is this true in 
pole-changing motors. This question of noise has been investigated 
by H. Fritze and Kron and Chapman. A large number of papers 
has been written on this very important subject. 

The question of improved efficiency has resulted in improvements 
in the manufacture of steel laminations, by the introduction of silicon 
in various percentages. Brands known as Stalloy and Super-Stalloy 
have been introduced, and are used in those cases where it is neces- 
sary to keep down the iron losses, in totally enclosed machines, and 
especially in machines for 400 c/s, such as are used in connection 
with the automatic pilot for planes. 

Then the question of eddy-current losses in conductors has been 
thoroughly investigated by A. B. Field and others. 

The trend is towards greater and greater output from a given mass 
of materials, and this can only be effected by scientific design and 
proper proportioning of the machine. The introduction of Silicone 
varnishes for insulation has removed the conservative temperature 
rises formerly allowed, and resulted in smaller machines for a given 
output and speed. 

Ventilation is another problem, which has received much atten- 
tion and is one of the most important factors in increasing output 
from a given frame. Much more research is still needed on this 
important ciucstion. 

I’he question of speed control in induction motors has received 
nnu'h attention. The induction motor is essentially a constant-speed 
machine, like the d.c. shunt motor, and this is, in some cases, rather 
a serious drawback. There arc many industrial applications where 
spc'cd ('ontrol is necessary and the induction motor is the ideal 
motor lor many such applications, being simple, rugged, and reliable, 
but various methods must be adopted to secure cnicient speed control 
which spoil its simplicity. The methods adopted arc: (i) pole- 
changing; (2) cascade connection; (g) cascading with a commutator 
motor; (4) change of frequency of supply. All these methods will 
be dealt with later, but the work of Mr. Louis J. Hunt deserves 
special mention for his genius and originality in producing the 
cascade motor bearing his name. I should like to pay him the 
greatest tribute, for I was associated with him in the early stages of 
iiis invention. Flis name should never be forgotten, for his work 
bears the stamp of genius. 

The induction motor is now the most widely used of all machines. 
It is doubtful whether the large power systems, now in such extensive 
use, would have been developed if this motor had not been developed. 
What it means to the economy of the world is appreciated by few 
people outside the engineering world. In the fractional horse-power 
field, its development is phenomenal and it is applied in every form 
of industrial and domestic work. In this field it takes the form of 
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single-phase and three-phase types. We shall be dealing with the 
problems of single-phase capacitator motors in the text^ and with 
their characteristics. 

In analysing the performance of both three-phase and single- 
phase motors, we are frequently faced with unbalanced conditions, 
such as unbalanced voltages or unbalanced windings. These inter- 
esting problems will be solved by the use of the theory of symmetrical 
components, due largely to the late Dr. C. L. Fortescue. An 
explanatory account of the theory will be given in the text, and 
applications made to many interesting problems. 



CHAPTER 1 


The Polyphase Induction Motor 


The induction motor is the most extensively used of all alternating- 
current motors. In its simplest form it admits of robust mechanical 
construction, and its ruggedness and ability to stand rough usage 
make it a most desirable type of industrial motor. It consists 
essentially of a stationary member, called the stator, and a rotating 
member called the rotor. The active part of the stator .consists of a 
core of laminations of sheet steel of about 0-5 mm in thickness. 
These laminations are slotted on their inner periphery, and assembled 
in a steel yoke. 

In these slots is placed a winding of the required number of 
phases, which may be of the concentric type, of the mush type, or 
of the barrel type with diamond-shaped coils. Plate I (lower) 
shows the stator for a common type of induction motor. 

The rotor may be of the squirrel-cage type, consisting of bars of 
copper or aluminium placed in the rotor slots and connected at 
each end by a solid ring of copper, aluminium or brass. Plate I 
(upper) shows a normal type of squirrel-cage rotor. 

If the starting requirements are such as to demand large starting 
torque with low starting current, then a rotor of the wound type 
with slip-rings will be used, and starting resistances will be used. 
This rotor is usually of the three-phase type with either mush or 
diamond coils. Plate II shows this type of rotor. While the stator 
may be of single-phase or of polyphase type, the rotor is always of 
the polyphase type, i.e. either two-phase or three-phase. 

In the analysis of the magnetomotive force diagrams of the usual 
types of windings, which will be given in Chapter XI, it is shown that 
with symmetrical polyphase windings, a rotating field is produced 
when these windings are supplied with symmetrical polyphase 
currents. A symmetrical m phase winding is defined as one in which 

Stt 

the starts of the phases are displaced around the periphery by — 

or electrical degrees. Each pole pitch corresponds to tt electrical 

radians or 180 electrical degrees, and, of course, the double pole- 
pitch is 360 electrical degrees or 277 radians. Thus, the starts of the 
phases in a three-phase machine must be displaced around the 
periphery by two-thirds of the pole pitch or 120 electrical degrees, 

7 
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i.e. The ends of the phases will be displaced by the same 
amount from each other. Now if we supply such a polyphase winding 
with alternating currents which vary sinusoidally with respect to 

time, and in which the time phase difference is — , it will be shown 

^ wi 

that the magnetomotive forces of such polyphase windings can be 
represented by a series of rotating waves, each of constant amplitude, 
rotating at speeds which vary inversely as their order. The principal 
wave, the fundamental, rotates at synchronous speed, i.e. at 

— ^r.p.m. The fundamental is of constant amplitude and rotates 

at synchronous speed around the machine. The smaller waves are 
called “harmonics/^ In the non-chorded windings and also the 
chorded windings which can be replaced by non-chorded windings, 
no even harmonics are present. In these three-phase windings we 
have odd harmonics as follows: 1,-5, + 7 , n? +13^ — ^ 7 ? 
+ 19, etc. 

The minus sign indicates that these harmonics travel in the 
opposite direction to the fundamental wave. Thus, the 5th, i ith, 
17th harmonics, etc., travel in the negative direction, while the 
I St, 7th, 13th, 19th travel in the same direction as the fundamental. 
The orders of the various harmonics are given by the following 
equation — 

/? — oL^rrii -f- I 

where a is a positive or negative integer and is the number of 
stator phases. 

Thus, oci == 0, (Xj = •— 2; aj == d- 2, aj = — 4, etc.; 

/? = — 5; /? = + 7, ^ = _ II. _ 


The above values for /?, viz. i,— 5 , + 7 , — n, -h I 3 j — 17, + 19, 
show the varioas harmonics for a non-chorded three-phase winding. 

It will be noted that there i.s no third harmonic in the three-phase 
winding. The pole pitch for each harmonic is, of course, equal to 
the pole pitch for the fundamental divided by the order of the 
harmonic. 


The fundamental fact is that, under the conditions stated, several 
revolving fields are produced in the machine, each of constant 
amplitude, and if the speed of the fundamental wave is R.P.M.s, 


R P M 

then the speeds of the harmonics are where /? = order of 

the harmonic. 


Thus, the fifth harmonic rotates at one-fifth of the speed of the 
fundamental, the seventh at one-seventh of the speed of the funda- 
mental, etc. 

These rotating fields generate e.m.f.s in both stator and rotor 
windings. The e.m.f.s of the various harmonic fields generated in 
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the stator are all of fundamental frequency, given by the usual 
equation — 


poles 

2 


X r.p.s. = frequency 


It will be clear that, since the number of poles for the various 
harmonics vary directly as their order, and the speeds vary inversely 
as their order, the generated frequency of the e.m.f.s in the stator are 
all equal. 

There are other harmonics present, in addition to those mentioned 
above, which are introduced by the rotor and stator slots. All these 
rotating fields are responsible for e.m.f.s generated in both stator and 
rotor windings and their resulting currents. By the interaction of 
fluxes and currents, driving and retarding torques will be produced, 
which may affect the characteristics of the motor. It will be our 
purpose to study the eftects of these harmonics in a later section, and 
the steps which may be taken to reduce or eliminate their effects. 
At present it is our oioject to get a clear understanding of the reactions 
taking place in the machine and its manner of working. 

We will suppose there is a symmetrical three-phase winding sup- 
plied with three-phase alternating current, and we will suppose that 
the fundamental wave of rotating flux only is present. The direction 
of rotation of the fundamental wave will depend on the sequence of 
the phases. It will be shown that the revolving field amplitude 
always lies above the winding group in which the current is a 
maximum, i.e. the sequence in which the current reaches its maxi- 
mum in the various phases determines the direction ol rotation. 
'Thus, by reversing the connection of two of the terminals, the direc- 
tion of the rotation may be reversed. Assume that a rotor with a 
three-phase symmetrical winding exists. The revolving field will 
generate e.m.f.s in stator and in rotor. At standstill these c.m.l.s 
arc of the same frequency. II' the rotor circuits arc closed, currents 
will be set up in the rotor circuits of the same l'rec[uency as the rotor 
c.m.fs. Since, at standstill, the frequency of the rotor currents is 
equal to the supply frequency, the leakage reactance ol the rotor per 
phase will be relatively high compared to the resistance, and hence 
the angle of lag of the rotor current behind the c.m.f and flux will 
be large, and this will be true for each phase. 

Now wc know that conductors carrying current in a magnetic 
field are subjected to a force or torque, and this force can be calcu- 
lated for each conductor of the rotor, once we know the current in 
the conductor and the value of the field density in which it lies. 
Let us assume the field rotates in the clockwise direction as shown 
below in Fig. i.i, and let us assume the flux is distributed 
sinusoidally. 

The direction of the e.m.f.s and currents in the rotor conductors 
is shown by the dots and crosses. Now, if one places the left hand 
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along the conductors in such a manner that the flux passes from the 
palm to the back, and the current flows from the wrist to the finger 
tips, then the direction of the force on the conductors is towards the 
right as shown by the direction in which the thumb points. The 
rotor, therefore, moves in the direction of movement of the field. 
It should be clear that the torque at starting is reduced by the angle 



of lag of the rotor current behind its e.m.f. Now, if this lag could 
be reduced, the startiiig torque would be increased. This is usually 
effected by. adding resistance in series with the rotor. 

Fig. 1.2 shows a sketch of the three-phase wound rotor motor 
with starting resistance. 

Since tan S, = reactance per phase 

rotor resistance per phase 

it follows that the lag angle can be reduced by the addition of 
resistance in series with each phase of the rotor. The rotor therefore 



Starting 

Resistance 


accekrates, and as its speed increases, the rate of cutting of the flux 
by the rotor conductors decreases and is dependent on the relative 
velocity of the flux and rotor. 

If coj speed of the field in radians per second 
ct) = speed of the rotor in radians per second. 

Then the relative speed = coq — a) ; and this expressed as a 
fraction of coq, tbe synchronous speed, is called the slip. If j = the 

COq — ft) ^ 

slip, s ~ — 

COn 
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Since the rotor frequency = pairs of poles X slip revolutions per 
second, it is clear that the frequency of the rotor currents == .y X /, 
where/ == supply frequency. 

At standstill == i, since a> == o at standstill. 

At synchronous speed = coq and = o. Thus the frequency of 
the rotor currents varies from/ at standstill, to / at* slip s. 

The speed will continue to increase until the driving torque 
equals the resisting torque. With no 
load on the machine, the speed rises 
to a value not far from synchronous 
speed. The slip at no-load is a fraction 
of I per cent. 

Vector Diagram at No-load 

The current in the rotor at no-load 
being relatively small, the current in 
the stator is that necessary to produce 
the flux. This flux is in time phase 
with the current in the stator winding, 
neglecting magnetic hysteresis. The 
c.m.f. generated in one phase lags 90° 
behind the flux Jinking the winding, 
and is in phase with the rotating flux 
cutting the conductors. Thus when the 
flux linking a coil is a maximum, the 
c.m.f. is zero. 

The vector diagram at no-load is shown in Fig. 1.3. 

OA -- vector of flux 

OA - ^ magnetizing current per phase 

AR 4 -- watt com})oncnt of no-load current per phase 

OR — /() ^ no-load current per phase 

OC back e.m.f. in the stator 

OD ^ applied p.d., sensibly equal to OC, per phase 

cos DOR = “ power factor at no-load. 

The no-load current per phase consists of a magnetizing com- 
ponent OA, and a watt component AR, per phase, to supply the 
no-load losses. 



Ficj. 1.3. Vector DiAORANf at 
No-load 


On-load Vector Diagram 

Under full load the motor will have a slip such that sufficient 
e.m.f. will be generated, per phase, in the rotor to produce sufficient 
torque to equal the retarding torque due to the load and the friction 
and windage losses. Fig. 1.4 shows the on-load vector diagram. 
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It will be observed from the diagram, that the current flows in 
the rotor in such a direction as to tend to demagnetize the stator. 
In other words the amp-turns of the rotor winding tend to oppose 
the amp-turns of the stator. At no-load the applied p.d. per phase 




Fig. 1.4. Vector Diagram On-load 


is sensibly equal to the back e.m.f. generated in the stator by the 
revolving field. 

Actually we have 

^ ^ + {H-A)L . . (i.i) 

where V — applied volts per phase 
— £ = back e.m.f. per phase 
Zj = leakage impedance per phase 
= r -\-jx, 

r — stator resistance per phase 
X, = leakage reactance per phase of the stator 

On-load also — 

V = £1 -f (r 

where — = back e.m.f. on-load 

/ = current per phase in stator on-load 

The addition in these equations is vectorial, vector quantities 
being indicated in bold-face type. 

Virtually there is only a 3 per cent difference in the flux from 
no-load to full load, so we^ can assume the flux remains sensibly 
constant. For this to be so, it follows there must flow in the stator a 
component of current which offsets, by its magnetizing action the 
demagnetizing effect of the rotor current. ^ 
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The flux in the machine is produced by the resultant of the stator 
and rotor magnetomotive forces. Since the flux exists almost at 
the same value at no-load, it follows that the stator current on-load 
consists of two components, namely, the no-load current /q, and the 
load component of the current. 

The effective ampere-turns of the rotor = effective ampere-turns 
in the stator, due to the load component of the current. 

The e.m.f s in rotor and stator will have the same relation to the 
flux as at no-load. Now, however, the rotor carries current lagging 
behind the e.m.f, and this lag is produced by leakage fluxes. This 
lag will depend also on frequency of the rotor currents which is 
proportional to the slip. At standstill this lag is important, for the 
slip is high, and the angle large. At full-load speed the slip may be 
anything from 2 to, say, 5 per cent, and the lag is small. As in a 
transformer this lag is reflected into the stator circuit, so at standstill 
the power factor is low, increasing as the slip decreases from i to the 
full-load value. Plates III and IV (facing pages 20 and 21) show 
examples of brush-lifting and short-circuiting gear and slip-rings. 


Circle Diagram of the Motor 

Let us consider a three-phase motor, and let — 

™ turns per stator phase in scries 
T.j, - turns per rotor phase in series , 

(j) - - maximum value of flux per pole 
f supply frequency 
.V ^ slip 

back e.m.f in stator per phase 
^ ~ e.m.f generated in the rotor per phase at standstill 
K\ ■ --- breadth faetor of stator winding for fundamental 
A2 = breadth fictor of rotor winding for the fundamental 
A3 coil span faetor of the stator winding for the fundamental 
A'^ coil span factor of the rotor winding for the fundamental 

Then -- 4-44 x K\ x A3 x $ X X f X . (1.2) 

R, - 4-44 X X K^x$ X T,xfx io-« . (1.3) 

The e.m.f per phase in the rotor, at slip i’, ~ sE^— 

sRq = 4*44 X A'a X A4 X ^ X X sf X io“® . (1.4) 

If A2 = coellicient of self inductance of the rotor winding per 
phase in henrys, due to leakage flux 

and coq = 277 X / 

and /g == rotor current per phase in amperes 
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sE^ = I2V + s^L^o)q^ 


j 


E,. 


J- 


7? 2 


where R^ = rotor resistance per phase. 

Equation (1.6) shows that the rotor current is equal to th 

— 


generated per phase at standstill, divided by 


f 


+ 1^2^^ 


Now 1/2^0 the reactance per phase of the rotor at full 
frequency, i,e. at standstill. 

We see, therefore, that the rotor current at standstill, provi 

total rotor resistance = -y = the actual rotor resistance pei 

divided by the slip, is equal to the rotor current when runnin 
load with slip and it is obvious that the phase relation of t] 
current /g to the rotor e.m.f, is the same in each case, fo 
sL^ojq . 

= — 5 — in each case, 
xtg 

Therefore, as far as current and power-factor relati< 
concerned, the action of the machine, when running normall 
load, is exactly the same as at rest, provided we make the ne 

R 

tance in the rotor circuit per phase = 


Now 


Ro 


i?2 “h 


s 

s 


Now if we multiply each side of equation (1.7) by 1 ^% we 
Substituting for its value from equation (1.6) — 


sE. X L 


X 


R. 


k^R, H- 


(i- J) 


i.e. 


V R^ + 

E^XI^X cos 9^2 = 


Now considering the two terms on the right of equatior 
we have which is the rotor copper loss per phase £ 


second term, namely, l^^R^ 


•f) 


represents the additional 


phase which is equivalent to the gross output of the marhin 
running under load with a rotor current per phase at slip 
With a three-phase rotor — 

f j 

Gross mechanical output = ^Iz^R^ - — ^~in watts. 
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With an m-phase rotor, where m is an integer greater than i, the 

gross mechanical output = m X in watts. 

We see^ therefore, by making the resistance in the rotor circuit 

per phase = -^5 the machine is brought to rest and the current, 

power, and power-factor relations in the rotor are the same as when 
running under load with a slip s. 

Thus, at rest, the motor becomes a transformer; a rather leaky 
transformer, and all the theory of the constant potential transformer 
can be directly applied to it. 

Now looking at equations (1.2) and (1.3), we see that — 

E - X r, X r, X K, 

” T^X ^ ^ ^ 

We have also shown that /consists of two components, the no-load 
current and a component which is called the load component. The 
effective component of the stator current which neutralizes the 
magnetizing action of the rotor current is — 




/o X 


T, X X K., 


zl 

CL 


h' 


where 

Now- 


oc — ratio of transformation 


T, X K, X K , 
7*2 X X K\ 




E, 


E, 




I r ‘> 2 

+ iv2“e>()“ a" 










(1-13) 

(1.14) 

(1-15) 

(1.16) 




Thus, if we multiply and L 
X R\ X K\Y 


each by a^, i.e. by 


I _ r/' V, wc obtain the component of the stator current 

\T^ X X KJ ’ ^ 

corresponding to the load, namely, Ii'. 

It is clear also that — 

J X i?, X 

= 42 X . . . . (1.I7) 

where R^' = i?2 X a^, the rotor resistance referred to the stator per 
phase 

and Zg' = /'2 X a^, the rotor leakage self-inductance referred to 
the stator per phase. 
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We can now build up our equivalent circuit of the motor, in 
which all quantities are referred to the stator (Fig. 1.5). 

Across AB we have the applied voltage per phase Ki- 

. Clearly + £1 . . . (1.18) 

Note — = back e.m.f. 

+ = component of applied P.D. to overcome Xj. 

Clearly also the voltage across CD = + £1. This is also the 
voltage, which is applied to rotor circuit per phase, when all quan- 
tities of rotor resistance and reactance are referred to the stator. 

Across CD we have connected one phase of the rotor, in which all 
quantities are referred to the stator by multiplying them by the 
square of the ratio of transformation. We see that we have the rotor 



Fig. 1.5 


resistance referred, namely, ifg X and the rotor inductance 
referred, namely, X and the resistance representing the gross 

( I — J!') 

mechanical load also referred, namely, X ^ — 


These 


arc 


shown in series across the points C and X, between which wc have 
the voltage + £i, i.e. the voltage which overcomes the back c.m.l'. 
in the stator. It should be remarked that in all polyphase circuits, 
which are symmetrical, the quantities we require to estimate arc the 
same for each phase, and hence it is sufficient to consider one phase 
only. Our diagrams refer to one phase only. 

The back e.m.f. is produced by the flux per pole, and this 
requires a current for its production. It is the magnetizing current 
Ijiy shown in our vector diagram. It leads — Ej by 90°. Hysteresis 
and eddy-current losses are produced by the revolving field in the 
core of the stator and also in the rotor and also eddy-current losses in 
the conductors of the machine. A watt component of the current is 
needed to supply these losses. This component, namely 4 , is in 
phase with + E^, i.e. with the component of applied volts across CD, 
Across CD is connected a purely inductive coil, whose reactance at 
supply frequency = X^, 

Then ^ 


In parallel with it is connected a non-inductive resistance Rq. 
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Its magnitude = - — j — , i.e. it is of such a value as to give the watt 

component of current The product of and 4 gives the F 
and W losses, no-load copper loss + iron losses. The vector sum 
of and Ij^ gives /o, the no-load current. 

The current flowing through the resistance and leakage reactance 
of the stator is the vector sum of 1 q and and equals The 
resistance of the stator per phase = and its leakage coefficient of 
self inductance is It will simplify the results somewhat if we 
assume that the circuit connected across C and Z), namely, and 
Rq, is removed to the terminals A and B, This is equivalent to 
assuming the voltage across them is constant and the flux, therefore, 
constant. Actually the voltage across them varies slightly, due to the 
leakage impedance drop in R^ and L^. The circuit in Fig. 1.5 can, 
however, be reduced to a series circuit, with an effective resistance 
and effective reactance in series across the mains. Assuming, there- 
fore, and to be transferred across A and 5 , we have — 




(1-19) 




where R^ 


R. 


X oc^ and 


The current 7 / 


h' 


(/u --I- /-') 


+ ( 7 i + Zg') 

Z2 X a-. 

rotor current referred to the stator— 

(Z| + Zg )( 0 q 

R '\ ^ 

+ (z, + 


X 




but 


(/,, -f 


y(«. ¥)■ 


H- (/-, -h wya 


reactance 

impedance 


[l ,'20) 


( 1 . 21 ) 




.-4,, sin^ • ■ • • (1-23) 

It is clear that // is represented by the chord in the semicircle 
OZ, for OB OA sin (/> (Fig. 1.6). 

V 

(Zi + ^2)^0 

Equation (1.23) obviously represents the polar equation of a 
circle. 

It will be noted that the diameter of the circle 
applied volts per phase 
effective reactance per phase 
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In any purely reactive coil, the current will lag by 90° behind the 
volts across the coil. The current represented by OA in Fig. 1.6 is 

V 

drawn lagging 90° behind V, for its value = ^ 

determined by the effective inductance of the machine referred to the 
stator, i.e. {L^ + 

The current OA is called the ideal short-circuit current, for it is 
the current per phase in the stator which would flow at standstill if 
the machine possessed reactance only. 

As the load changes on the motor, the load component of the 
I 

stator current I^ == moves over the circle and is represented by 
OB in Fig. 1.6. Since the motor possesses resistance also, the actual 



load component of the stator current at standstill will be represented 
by a vector OP, where — 

applied volts per phase 

effective impedance of the machine at standstill 


i.e. OP = actual load component of the stator current at standstill 


? 

V(iii + (A + 4') w 


■ (1-24) 


And the power factor (j = i) at standstill 
== cos 


^1 4" 

+ {Li +'4')K' 


(1-25) 


The total primary current on load is obtained by adding vec- 
torially the no-load current /q to I^, 

Now, draw OC downwards (Fig. 1.7), parallel to O'F and make 
OC = watt component of the stator current per phase necessary to 
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supply the no-load losses. The diagram refers to one phase only and 
all quantities on the diagram are phase quantities. 

total iron losses + friction and windage loss 
_ + no-load copper losses 

number of stator phases X volts per phase on stator 

The no-load losses are assumed to remain constant. This, of 
course, is not true. The flux per pole decreases on-load, due to the 
impedance drop in the stator, and actually the back e.m.f. E^ 
decreases for V — + + Zih (vector addition). Therefore, the 

iron losses in the stator decrease slightly, but as the slip increases 
with the load, the iron losses in the rotor increase, for they depend on 
the slip frequency. The friction and windage loss fall as the speed 
falls, i.e. when the slip increases. No important error is made by 
assuming the no-load losses to remain constant, i.e. OC is assumed 
constant. Now set oflF CO' parallel to OA and make it equal to the 
magnetizing current per phase. Then O'O is the no-load current. 
We thus transfer our origin of vectors from 0 to O'. 

The point 0 on the circle represents the no-load point and the 
point P the short-circuit point. Draw from any point on the circle 
lines perpendicular to O'L, The stator current per phase is repre- 
sented by lines drawn from the origin 0' to the point in question. 

At 5, which represents some point on the circle corresponding 
to a certain load, O'B is the stator current per phase. O'B can be 
resolved into a component O'K^ which is a wattless current, and BK^ 
which is a watt current. It will be noted that, as the load increases, 
and the point B moves over the circle to the right, the wattless 
component of the stator current increases from O'C, at no-load, to 
0' M at standstill. This is due to the increase of stator and rotor 
leakage flux, which increases as the currents in stator and rotor 
increase. The watt component of O'B, i.e. BK represents the power 
input to the stator. The total power input at the point B 
= X V X BK, where — number of stator phases. The stator 
power factor at point B — cos BO'V. 

It is, perhaps, desirable at this point to notice that high power 
factor, at any load, depends on making O'K as small as possible; 
that is, the magnetizing current per phase, O'C, must be as small as 
possible, and also the leakage fluxes of stator and rotor must be 
kept small. This means a small air-gap length, for the magnetizing 
current depends on the length of the air-gap, and there must be no 
saturation in the iron part of the circuit. The leakage fluxes will be 
discussed in a later chapter. At no-load the leakage fluxes are small, 
for the current is small, and so virtually all the flux per pole crosses 
the air-gap and enters the rotor. At standstill the leakage fluxes are 
large, and most of the flux per pole exists as leakage flux, i.e. flux 
which follows local paths and does not follow the useful path. 

It will also be clear that maximum power factor is obtained when 
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O'B is tangent to the semicircle, the maximum power factor being 
determined by the cosine of the angle the tangent to the circle from 
0' makes with O'V, 

It is also clear that the maximum input to the motor is deter- 
mined by the radius of the semicircle* Thus, it is important to make 
the effective leakage reactance of the machine low for high short- 
circuit current. Now at P, O'P is the primary current, and its watt 
component is PM, which is the power component at standstill . The 
power input, at standstill, which is equal to K X PM per phase is 
absorbed in stator and rotor copper losses. Pf/ represents the copper 
losses due to the component of current OP. When the load com- 
ponent of the stator current is OB, it will be shown that the copper 

1 1 ^ DF OB^ 

losses in stator and rotor are represented by DF, for -pfj == 


For 


DF^_g^ 

PH~~ OH 
cos BOF = 777 


OB cos BOF 

"" WF^POTl • 

OP 

and cos POH = 777 
OA 


(1.26) 

(1.27) 


DF _ OB^ 

PH~ OP'^ .... (1.28) 


Now let GH represent the watt component of the stalor current 
per phase corresponding to the stator copper losses with primary 
current OP at short-circuit. 

The PG must represent the watt component corresponding to 
the rotor copper loss per phase at standstill. 

Join OG, then EF represents the watt component of current 
corresponding to the stator copper loss per phase with the load 
component OB, and DE represents the rotor copper loss per phase 
under the same conditions. 

Since the watt input current per phase with current = BK, 
FK corresponds to the no-load losses per phase, EF corresponds to 
the stator copper loss per phase with the load component OB, 
DE corresponds to the rotor copper loss per phase, and BD must 
represent the output. 

Summing up, we have, with current O'B in the stator — 
m^V X BK = input to motor in watts (total) 
m^V X BD = output in watts (total) 
m^V X DE = rotor copper losses (total) 

m^V X EF stator copper losses due to load component of 
current OB 

The power factor, when the stator current is O'J? = cos BO'V. 

For any other value of the load, all we need to do is to draw a 
line from the point of the circle, corresponding to the load, perpendi- 
cular to OA, then the output is represented by the vertical intercept 
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between the point on the circle and the line OP; the intercept 
between the lines OP and 00 , made by this perpendicular, repre- 
sents the rotor copper loss; and, similarly, the intercept, on the 
same line, made by the lines OG and OH represents the stator 
copper loss. 

o. rn . output . . , BD 

oince eniciency = 3 it is equal to 


input ^ 

The slip is equal to the — 

rotor copper loss 
rotor input 


DE 

BE 


(1-29) 


for rotor input = output + rotor copper loss. 

PP, therefore, represents the rotor input. 

The line OP is the output line and OG represents the torque line, 
for it will be shown that the torque X synchronous speed, expressed 
in watts, equals the rotor input. 

It should be stated that the locus of the primary current is a 
circle only provided the inductances do not 
vary with the current. Actually with large I' 
values of the currents, i.e. when the currents .-2 
approach standstill values, the leakage flux 
paths may become saturated, and if this occurs 

and L^' decrease, with the result that the 'I 
current increases beyond the value obtained 
by assuming no saturation. The result is that 
the relation between applied volts per phase 
and short-circuit current is not linear, but bends up as shown in 
Fig. 1.8. 

This will obviously distort the circle diagram and give larger 
values for the starting torque than arc calculated by assuming no 
saturation. Increase of eddy-current losses in conductors and iron 
due to large currents will increase the clfcctive resistance, and this 
will tend to make the current curve decrease or bend down. 



I’lO. 1.8 


Torque and Slip Relations 


Wc have shown that the input to the rotor per phase === 
I’hc copper loss per phase 




The difference is the output, namely, per phase 

= . . .(1.30) 

If (jc angular velocity in radians per second 

= "0(1 — •f) 
and T — torque. 


3— (T.591) 
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Then the output = Ta)o(i — i*) = — - — j 

TdOo = X OTa • • • (i-3i) 

7^2 = number of rotor phases. 

Therefore, the torque, multiplied by the synchronous speed 
= the input to the rotor 

R 

= OTa/a® watts. . . . (1.32) 


The torque, multiplied by the synchronous speed, expressed in 
watts, is usually referred to as “the torque in synchronous watts.” 
At standstill — 

j = I and Tcog = ma/j^ ■ • • (i-33) 

Therefore, at standstill, the torque in synchronous watts = loss 
in the rotor due to copper losses. 

Also, from equation (1.31), we see that the slip — 

rotor copper loss 

s = — — - — . . . (1.34) 

rotor input ^ 

1 

From equation (1.31) TcOf, — X 


= m, X 


where coq = 27 rf. 

For small values of the slip s- 


X i^a 


TcOn 


m, 


,s£J 


R. 


(i-35) 


(1-36) 


i.e. for small values of the slip, the torque in synchronous watts is 
proportional to the slip, and for light loads and small the relation 
between slip and torque is linear. 

For large loads and large slips — 

m^EJR. 

• • • ('-37) 


Tw, 


i.e. the relation between torque and slip is a rectangular hyperbola. 

It will be noted that the torque is proportional to the square of 
£2, i-e. proportional approximately to the square of the phase 
voltage applied, for is proportional to V. 

Thus, it will be seen how important it is to see that the applied 
voltage is not low, when carrying out starting torque tests in which 
guarantees have been given. 

It will be appreciated that the starting current with squirrel-cage 
rotors may vary from four to six times full-load current, and the 
power factor is low and there may be a large drop of voltage. 
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especially when the motor is supplied from an alternator of small or 
moderate capacity. 


Maximum Torque and Slip at which it Occurs 


The torque in synchronous watts == 


where X 


2 — 


R^ + 


For 


a maximum 


^ — 2sX^^{m2sE^^R^) 

ds 

dr 

— o. 


ds 


RY + ^^^22 = 2.2X22 


RY 


s^XY 


i.e. 


/? 2 

_ 

R2 


L^p^q 


That maximum torque occurs when the slip- 

-^2 

— ± 7~— • 

L./Of, 


(1-38) 

(i-39) 

(1.40) 

(1.41) 

(1.42) 

(143) 

(1.44) 


When s„^ = I, i.e. at standstill, maximum torque occurs when 
rotor resistance per phase — rotor reactance per phase at standstill 
Thus, it is possible, by using a wound rotor machine and external 
resistance, to satisfy this relation for maximum torque at starting. 
The maximum torque is obtained by substituting for . the 

value ^ 


Substitution for . in equation (1.38) gives- 

mE 2 

max. torque = ' 2X ~ 


■ (145) 


The maximum torque is independent of the rotor resistance, and 
is inversely proportional to the rotor reactance at standstill. 

It will be seen, from Fig. 1.9, that the torque is plotted as 
function of the slip for various ratios of R^ to Xg. 

To obtain the necessary starting torque it is usual to use slip-ring 
type motors, when the large currents taken by squirrel-cage machines 
are prohibitive, and starting resistances are used to reduce the 
starting current. These resistances are cut-out as the speed rises. 

Speed variation is also obtained by adding resistance to the rotor 
circuit as in rolling-mill motors, but it is obtained at greatly reduced 
efficiency, for the efficiency is always less than the speed as a 
percentage of synchronous speed. 
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The torque in synchronous watts == rotor input. With full-load 
current in the rotor at starting, we have full-load I'otor loss. The 

slip = rotor copper lo ss^ starting torque with full-load current, 
^ rotor input ° '■ 

expressed as a percentage of full-load torque, is numerically equal 
to the slip at full load. The starting torque, expressed as a percentage 
of full-load torque, with a given current / in the rotor 

(lY 

~ ^ per cent slip at full load . 


(1.46) 



Fio. i.g 

where Ij — full-load rotor current, and the slip at full load 
rotor cop per loss at full load 
full-load torque in synchronous watts 

The starting torque with rotor current I in synchronous watts 
= rotor copper loss with current /. 

Therefore torqu e with rotor current I 

’ full-load torque with rotor current If 
_ rotor copper loss with current 7 

rotor copper loss with current If ^ s ip at u 1 oad 

= j X slip at full load .... 


• (i-47) 
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The starting torque can be increased by increasing the current 
or by increasing the slip. A limit is set to the slip by rotor heating and 
the reduction in efficiency produced. 

A large starting current of low power factor has a bad effect on the 
voltage regulation of the power system, and so for high starting 
torque a compromise must be made. 

It is due to this effect on voltage regulation of the supply system 
that squirrel-cage motors are limited in size in Britain, and for out- 
puts of over 5 b.h.p. it is usual to use rotors of the wound type, 
i.e. slip-ring type motors. In Canada and America this is not so and 
one finds the squirrel-cage type used for outputs of 200 h.p. and more. 
With the slip-ring type, full-load torque is obtained with approxi- 
mately full-load current, and the cost of the energy used in starting is 
much less than with the squirrel-cage type. This may be an important 
matter where frequent starting of large numbers of motors is made. 

The torque of a squirrel-cage machine is much more uniform 
than that of a wound rotor machine. The squirrel-cage conductors 
act powerfully to reduce flux variation and so tend to preserve a 
state of uniform torque. 

With a wound rotor machine, the torque varies with varying 
position of the rotor with respect to the stator, due to varying 
impedance and varying value of zigzag leakage. It is important to 
keep the air-gap reluctance as constant as possible by choosing 
suitable slot ratios, and to keep the flux distribution as constant as 
possible both in value and in spacial distribution. 


Construction for Slip 

rotor copper loss DE . • /> 1 . 1 

1 he slip “ - - . ^ ~ in rig. 1.7 lor point B on the circle. 

‘ rotor input BE ^ ^ 

It is not easy to measure this ratio accurately from the diagram, 
so another construction is given in Fig. i.io. 

Join LP in Fig. i.io and produce LP to and from draw 
(IE at right angles to the torque line. P is the standstill point. 
Note: ( 2 , is any point on LP produced. 

The triangles IP NX and LCE are similar. So also arc the triangles 
LdE and MNX. 

BEX LE . 

NX-^CE 

, LE MX 

and -ftt; = (i-49) 


E(l~ NX • 
CE — B' X ^ 


(i-50) 


MX 


The slip = proportional to CE, for QE is 


constant. 
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Therefore, GE is proportional to the slip for the primary current 
OB' in Fig. i.io. Let QE represent lOO per cent slip, then the ratio 
CE 

gives directly to the same scale the percentage slip for the stator 

current OB'. C is the point of intersection of B'L and QE. It is thus 
clear that, to obtain the slip directly, we must join the points on the 
circle representing the different primary currents to the point L. 
Then the intersection of these lines with QE gives the percentage 



Fig. i.io 


slip directly, the percentage slip being given by the length of the 
line from the point of intersection to E. 

It is interesting to note also that, at the point F, in Fig. 1.7, 
which is the point of intersection of the torque line OG with the 
circle, corresponds to infinite slip. FR' represents the mechanical 
power, as for any other point on the circle, but it is now a power 
input. This is used to supply the rotor copper loss. The primary 
power input, corresponding to FS', is used in primary copper losses, 
since the iron loss is small at this point. 


Output and Slip for Maximum Output 
The torque, in synchronous watts — ■ 

mi, . 4. 

he output - ^2^^- X a)o(i - j) 

X j(i — j) 


C X j(i — s) 


(1-51) 
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where C — 

d (output) C(i — 2j)(i22^ + s^X^) — <2sX^s{i — s) , , 

ds ~ 

for a maximum — 

(I - 2s){R^^ + = 2S^X^\1 - j) 

i.e. R^^ H- s^Xi - <isR^^ - 2 s^X^^ = 2 s^X^^ - 2 s^X^^ 
i.e. i?2® — 2sR2^ = s'^X^ 


— ^R^ rh /^R^ -t" ^R^X^ 
_ 


(i-53) 


- RJ R„ IR^^ 

- X./ ^xjx,^ + ^ 

= — :iz + 1 .... (1.54) 

where a = ^ 

A2 

The plus sign before the radical refers to motor action, the minus 
sign to generator action. 

Equation (1.54) gives the slip at which maximum output occurs. 
To find the maximum output of the motor, we must substitute the 
value for j, obtained in equation (1.54), in equation (1.51). 

We obtain for the maximum output — 

. . . (1.55) 

--= (^2 - watts . . ■ (1.56) 

where Z9 impedance of the rotor per phase at standstill. 

= Vr ,^ + Z2^ .... (1.57) 

The following tabic shows the effect of rotor resistance on maxi- 
mum output and also the slip at which maximum output and 
maximum torque occurs — 


a - 

Maximum Outpi 

Relative Magnitude 
of Maximum Output 

.It 1 

1 

Slip at 
Maximum 
Output 

Maximum I'orqi 

Relative Magnitude 
at Maximum Torque 

le 

Slip at 
-Tmax 

V -1- i — a 

5 

0-099 

0-495 

I 

5 

2 

0*236 

0*472 

I 

2 

I 

0*414 

0*414 

I 

I 

0*5 

0*618 

0*309 

I 

0-5 

0-2 

0*820 

0*164 

I 

0*2 

o-i 

0*905 

0*090 

I 

0*1 
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Fig. 1. 1 1 shows the mechanical output at different speeds as a 
function of rotor resistance R^. 

In deducing the equations for maximum torque and maximum 
output, was assumed constant. The equations can be calculated 
in terms of V the supply volts. 



Fig. 1. 1 1 


Approximately 

V == V |(ri +jxy) + • • (^-5^^) 

V = supply volts per phase 

Ti and Xi = stator resistance and reactance respectively per phase 
== rotor resistance referred to the stator per phase 
x^ = rotor reactance referred to the stator per phase 
li = load component of stator current per phase 

/ == V + “yj + j(^l + ^20| 

= I^V (r^i- + + x^Y • • • (i*59) 

Also • sE^ = /gV + s'^x<^ 

4' X aA/(4rT^VP 

““ rv2 


and 


asE^ = I^V{r^Y + s^{x^Y 


. (i.6o) 
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where a = ratio of transformation. 

— == /I'j = fg X a^, and Xg' = Xg X 
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((r,r + sH.;y) 

(v + ''2')^ + + ■^2')^ 


(I.6I) 


The torque in synchronous watts- 


(mg assumed == m-^ 


^2 

X 

jJ?g2 X rg 

7 


+ 

m 2 

X 

X ^ 

{(h 

5 ! 

' + s^ix^y) 




rn^ 

X 

cf}sE^ X 


- (rg^ + .^(xg')^ • • • 

Substituting from equation (1.61) for in terms of F, we have 
torque in synchronous watts 

7722 ^^ X Sr^ 

” (V + ^'2')“ + + -^2')^ ' 


• (1-63) 


and since the synchronous speed is 277 X synchronous revolutions 
per second - 

Apf' 

= y 

where p - ™ number of poles. 


The torque- 


7 }uV'^ X P X STo' 
477/'( ri.v - I " / g ')" + ■'■^(•^1 ^ 2 ')''^ 


(1.64) 


If wc differentiate equation (1.64) with regard to the slip and 
equate to zero, wc get the slip at maximum torque 


Vri^ + (xi + Xg')^ 


and the maximum torque 
pV^ 


rrio 


4 ’t/ ^ 2{ri + Vrj^+ (xi + 


■ (1-65) 

. (1.66) 


In this determination of the maximum torque we developed the 
relation between .Eg and P, and neglect^ the effect of the no-load 
current on the impedance drop. Since V appears as a square, any 

use Lib B'lore 
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error produced by neglecting /q will be exaggerated. In all equations 
for torque and power where V occurs, the vector difference of V 
and the primary impedance drop due to the no-load current should 
appear. 

Results, sufficiently approximate, will be obtained by assuming 
the y — IqXi for V in the equations. 

We have shown that the torque in synchronous watts = input 
to the rotor 


Now 


= cos cf>^ 

^2 = 4-44^2'^4 X X $ Xf X 10-8 


/ = 


p X revs per min. (syn.) 

_ . 


and 


7*2 


A 

2^2 


where Z 2 = "total number of conductoi's on the rotor 


Therefore, torque in synchronous watts 

^ w r r Xp X r.p.m.By„ X /a cos <j>^ 

— TTin X ^ 44 ^ X X 7” 5 ( 1 .07 ) 


The torque in Ib-ft 

^ 4-44^274 X Z 2 'X $ X p X cos X 7'04 

240 X 10® 


(r.68) 


= 0-1303 X I0-» X P X $ X ZA cos ^2 X ^2^4 (1.69) 
This is a very useful relation. 


p = number of poles 
72 = turns per rotor phase in series 
^ = maximum flux per pole 
Z^ = total conductors on the rotor 
I 2 = r.m.s. value of rotor current and 
cos ^2 === cosine of the angle between and /g. 


The torque of a polyphase motor in ft-lb = a constant x total 
flux X total rotor ampere-conductors X cos 


Note that 


7-04 


syn. watts. 


Therefore, torque in Ib-ft X r.p.m.ayn 

= 7-04 X power represented by the syn. watts . (1.70) 
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Equivalent Stator and Rotor Quantities 
Let = turns in series on the stator per phase and 

7*2 == turns in series on the rotor per phase. 

Then = 4-44 x x X $ xf X 10-® . . (1.71) 

= 4-44 X T^ X Ki X Ki X $ X f X 10-8 _ _ (l yg) 

A T^XK^X K, T,A , . ^ 

E, - T^X K^X K, - T^Xf, ■ ' • • 

K-^X winding factor for the fundamental wave 

= product of distribution factor and coil span factor 
fo = the same for the rotor. 


2 s 

— and jSTo = cos - 


number of slots per pole per phase in the stator 
number of slots per pole per phase for the rotor 
electrical slot-pitch angle 
180° 

number of slots per pole 
electrical slot pitch angle in rotor 

X' 


(i-75) 


T'X 


and e and ef ■-- - deficiency) from full pitch in electrical degrees, of stator 
and rotor coils respectively. 

E B 

Instead of the factor cos - we may use sin where p — actual 

span of the coil in electrical degrees. 

For the ;2th harmonic^ we have — 


sm qn ■ 


— X cos w “■ 

A 2 


q sm n - 
^ 2 


where /„ = winding factor for the ^zth harmonic. 
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Kotor Current Referred to Stator 

Since the ampere-turns (effective), due to the load component in 

the stator must equal the ampere-turns effective of the rotor, 

we have — 

mJ'Jy;K^K^ = m^T,hK^K, . . (1.78) 

f I Tn R aE /iln In . . 

= i • •(^• 79 ) 


where 


a = ratio 


rr- /N V' 

I\ -^ 1-^3 




The load component of current in the stator is given by equation 

(1.79) = 

Rotor Impedance Referred to Stator 
Let Z'l = equivalent rotor impedance referred to the stator. 


^2' 



X fi X niiTi X Ji 

fi fir\ 

= T 7 

— *^2 ^ 

T, X 

X 

X 

X 


4 


X/i' 


. (1.82) 

= J- 

X -7-2 


. 


X “W 

x/i^ 

x/2^ 

. 

• (1.83) 

, then- 

— 





-^2' = -^2 X ( 

'nx/,\^ 

.T2 Xjfs/ 

. (1.84) 

called 

the effective number of stator turns 

per phase 


and Tg X the number of effective rotor turns per phase. 

The resistances and reactances of the rotor are referred to the 
stator in the same way as the impedances. 

Geometrical Relations from the Circle Diagram 

Most of the quantities we have dealt with can be read directly from 
the circle diagram. In Fig. 1.12, the maximum power is proportiona l 
to G//, where Gif is the largest vertical intercept between the circle 
and the output line. Draw a line tangential to the circle, and 
parallel to JF. This line will touch the circle at G. Then the — 

^ m^xFxGH , _ 

max. h.p. = , . . (1.85) 


GH sin ^ 
GH: 


746 

= GM 

GM GP- 
sin ^ ~ sii 
GP-JP cos 
sin ^ 


GP-M P 
sin oi 


(1.87) 
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Since GP = JP 

and JF = zGP sin . 


. (1.88) 

GP= F 

2 Sin (p 

• 

• (1-89) 

• GH 

2 sin^ cf) 

• 

• (1-90) 

_ — cos 

JP 

• (i-9i) 

2(1 — COS^ (/>) ~ 2 ( I 

+ cos 

j , m X V X JF 

and m'lY h o — 


• (1-92) 

2(1 + cos (/>) X 746 

* 



where cos c/> ^ the power factor at short-circuit of the current JF 
and JF ^ ~ JK sill (/>. 

In dealing with the motor, JA’, the ideal short-circuit current is 
usually known, or JA’ is known from test. 

In a similar manner the maximum torque is proportional to the 
maximum vertical intercept between the circle and the torque 
line JL. 

nhVxJL , , 

max. torque ^ ^ (i.q^) 

^ 2(1 + cos 0 ) ^ 

and JL = JK sin . (1.94) 

where c// is the angle JL makes with the vertical. 
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Torque and Slip Relations 

If one neglects the stator copper loss, the diagram takes the simple 
form shown in Fig. 1 . 13 . 

Join DL, where L == standstill point, and produce DL to meet 
the vertical through M in E. 

A’s DQJ4 and MOA are similar and so are also the A’s DEM 
and MRA. 



RA MD Md MA 

MA~ ME MD~ OA 

• (i-95) 

Mdx OA ^ RA X ME . 

• ( 1 - 96 ) 

Md^^xME. 

• (i-97) 

but RA oc loss in the rotor (neglecting stator loss), OA 

OC torque. 

RA Md 

OA ~ ® ~ ME 

■ ( 1 - 98 ) 

where ME represents the slip at standstill. 


Let Tmax = maximum torque 


= slip at maximum torque 


and T = torque at any other slip s = OA, 


Then ^ ^ 

AD~ MD~ MN~ s^- 

• (1-99) 

MA s s 

= — or MA = T X — 


■S'm 


MD ^ MA + AD . 

. (i.ioo) 
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'^max = ^MD 

T 2 , . 

— _ ^ ^ (l.IOl) 

'7'max ^ I 



At the starting point s — i 


'Tstart 2 


'Tmax 


I 


7 H -fm 


(1.IO2) 


These relations are very useful and to show their utility we shall 
consider an example. A squirrel-cage motor is to be designed for an 
overload torque capacity of 150 per cent and 20 per cent margin, 
with a starting torque of 125 per cent of full-load torque. It is 
required to find the slip at full load. 



We have- 
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0-4 X 0-8 = 0-32 


a ucIjjl li 

— = 1-25 X 0-32 = 0-4 

^max 

From the above equations 21 per cent and = 3*68 per 
cent. Again it is required to find what starting torque can be 
obtained from a squirrel-cage motor at 100 per cent overload torque 
and a slip of per cent at full load. 

= 0‘5 X 0-9, allowing 10 per cent margin 

rmax 

From the equation above^ = 10-5 per cent and 

= 0-i2o8 

rmax 

i.e. Tgtart = full-load torque 

0'45 

= 0-46 of full-load torque 

The relationship between slip and torque is shown in Fig. i . 1 4. 
It is advisable in using these curves to allow a margin of 10 to 
15 per cent on the guaranteed overload torque capacity, on account 
of the neglect of the stator copper losses and ripples on torque-slip. 


The Efficiency 

If we ignore all losses, except the rotor copper loss, and since 
efficiency = then the output per phase 

= EJ^ cos (jia — 

The rotor input per phase 

= EJ^ cos ^2 

Therefore, the efficiency, neglecting all losses but rotor copper 
losses 

== X ~ 

EJ% cos (j >2 

= (1-103) 

Therefore, the efficiency is always less than the speed as a 
percentage of synchronous speed, since there are other losses in 
addition to the rotor copper loss, for 

. _ , («>o — CO 


I — 


. (I.I04) 
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The Dispersion Co-efficient 

If we neglect the no-load watt component of current, our circle 
diagram assumes the simple form of Fig. 1.15. 

So long as the voltage is maintained constant at the stator 
terminals, the flux linked with the stator winding is constant, 
neglecting resistance drop. With locked rotor the flux is almost 
entirely leakage flux. At synchronous speed, there is no rotor 
current and the stator flux is free to enter the rotor. Hence OB 
represents the current necessary to drive the flux through the leakage 



paths, while OA represents the current required to send the same 
flux through the useful path and the leakage path in parallel. 

The leakage factor of any circuit 

total flux 
useful flux 

useful flux + leakage flux 
useful flux 


I 


■f 


leakage flux 
useful flux 


(1-105) 


Now flux -- 


m.m.f. 

reluctance 
arc proportional to the m.m. 


m.m.f. X permeance; 
fs. 


and the currents 


OB reluctance of leakage paths 

■ ‘ OA joint reluctance of useful paths -f leakage paths 

permeance of leakage path + permeance of useful path 
”” permeance of leakage path 


permeance of useful path 
^ ^ permeance of leakage path 
useful flux 
^ ^ leakage flux ‘ 


. (1.106) 


4 — (T,59i) 
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OB OA+AB AB 

0 A~ OA “ ^ + OJ 
AB useful flux 
OA ~ leakage flux 


The leakage factor 



• (I-I07) 


. (1.108)' 


The symbol “<r” has been used to represent another leakage ratio, 
called the “dispersion coefficient.” 

Behn-Eschenberg uses for the dispersion coefficient the ratio 

~ = shall adopt this definition of the dispersion 

. . magnetizing current per phase 

coe ■ cient, i.e, a short-circuit current per phase* 

Hobart and others use another coefficient, 

OA ^ leakage flux ^ 

AB ~ useful flux ~ ^ 


The leakage factor =1 + 2^ 

, OJ , O' 



(i.ioyj 


The value of the dispersion coefficient has a most important 
influence on the power factor of the motor. If high power factor is 
needed, then a small value of cr is indicated. That is we must have a 
small magnetizing current OA, and a large ideal short-circuit 
current. Now OA is determined principally by the length of air-gap 
used, for the magnetizing current is proportional to the gap length. 

The air-gap length must be kept small, indeed as small as is 
mechanically permissible, and there must be no saturation in the 
iron. Thus, one finds in these motors air-gaps of the order of 0*3 mm 
to I mm, depending on .«the size of motor, and, of course, in very 
small motors, whose output is but a few watts, the gap length may be 
as small as 0’006 in. 

Large ideal short-circuit current means, of course, small 
leakage flux reactance, since the ideal short-circuit current 

flux per pole . . , , 11. 

= 1 — i 7j 7 it is clear that the dispersion 

leakage flux per pole per ampere ^ 


coefficient depends chiefly on the ratio of 


length of air-gap 


pole pitch 

On a given diameter, and with a given core length, the pole 
area, and therefore the flux per pole, is dependent on the pole pitch ; 
the flux per pole will be dependent on the pole pitch 



THE POLTPHASE INDUCTION MOTOR 


39 

As the pole pitch decreases, as the number of poles increases, the 
number of slots per pole per phase is decreased, and the winding is 
more concentrated, the number of conductors per pole per phase is 
increased for a given supply voltage, and hence the leakage reactance 
is increased. Thus, one must expect both the magnetizing current 
OA to increase and the ideal short-circuit current to decrease as the 
number of poles in the machine is increased. 

Thus, it is natural for high-speed induction motors, i.e. machines 
with a small number of poles to have small values for the dispersion 
coefficient. There is thus no difficulty in obtaining high power 
factor in high-speed motors; .but as the number of poles increases, 
and the speed is low, a progressively increases, and it becomes difficult 
to obtain high power factor. Now looking at our diagram. Fig. r . 1 5, 
we get maximum power factor when OF is tangent to the circle. 

Maximum power factor 

- cos i?OF- QJ)- 2 OD 
AB 

~~ 2OA + AB 


where v 



I 

2V -f I 
I 



I — a 
I + a 


(l.lio) 


Thus, the maximum power factor — 


The influence of a on the power factor is thus seen to be all- 
important. In machines of two-, four-, and six-poles, it is easy to 
obtain power factors of 90 per cent and over, but when o becomes of 
the order of o-i or more, it is clear that the power factor becomes 

0*9 

lower than 90 per cent, indeed, for cr = o*i, cos </^inax = yT “ ^^'75 

per cent and the power factor at full load is much lower. 

Now air-gaps which are too small, give trouble due to zigzag 
leakage fluxes and other causes, so the gap should be as large as is 
compatible with good power factor. These points will receive further 
consideration later, but it is desirable to point out that unduly short 
air-gaps are not necessary in high-speed motors, and in some cases, in 
the author’s experience, machines have failed mec hanic ally due to 
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this desire to obtain unduly large power factors by using very small 
gap lengths. 

The following test results^ taken at the Electrical Engineering 
Laboratory of the University of British Columbia, illustrate the 
characteristic curves of the three-phase induction motor, and may be 
helpful to the student. They were taken by one of my former 
students, Mr. Walter Lind. 


THREE-PHASE INDUCTION MOTOR: DIRECT 
DETERMINATION OF CHARACTERISTICS 


Apparatus, Machine No. 3 and No. 17. (C.G.E. induction motor 
and d.c. generator set.) Ratings — 


Induction motor 
60 c/s 
38-5 A 
220 V 

1800 r.p.m. at no-load 
Exciter voltage 125 V 


D.C. generator 

10 kW 
80 A 

125 V (at no-load and full load) 
1800 r.p.m. 


Procedure, The d.c. generator was used to load the induction 
motor. The slip was determined with a stroboscopic disc for light 
loads. 


Observations — 


Induction Motor | 


D.c. (icnoniloi 

Volts 

Amperes 



Watts 





Ami. 

Fichl 










Slip 


Am- 


<^1 



<f>fi 


W, 

Wx H- 
(Input) 


P.F. 

(r.p.m.) 

Volts 

pore.s 

Ihu 

231 

231 

11-3 

r2'0 

1590 

- 680 

910 

- 0^.27 

0-23 

3*5 


0-0 


230 

232 

n *5 

I 2‘2 

1850 

- 450 

I 400 

>- 0’243 

0-33 

6-2 

120*5 

()•<) 

1 •()<) 

aa 9 

229 

14*6 

r 5'6 

3120 

775 

3895 

0-248 

o- 6 g 

22-0 

120*5 

20’() 

1 * 7.3 

221 

226 

20-2 

22 '0 

4430 

2200 

6 650 

0*495 

0-B7 

40-0 

121*0 

4 I‘I 

1*7.1 

220 

227 

26*8 

2<)*3 

5980 

3450 

9 430 

0*577 

0-91 

6 o-o 

121*5 

r) 9'9 

1-75 

226 

226 

35’7 

38'0 

7900 

4950 i 

12 850 

0*626 

0-93 

80-0 

121*0 

8 1 *6 

i’ 7.5 

225 

227 

43 ‘7 

46-2 

9580 

0350 

15 930 

0-663 

0-94 

1 10*0 

121*5 

98*5 

1 *82 


Wattl 
( )ul- 
]>U t 


-JTO; 

a fi.j. 
7 7 >-: 

I 0 5)0 '' 

la 7Ji< 


Resistance Measurements (after the load test) — 





Brake Horse Power 

Fig. 1. 1 6. Direct Determination of the Characteristic of a Three-phase Induction Motor 


Calculaclorts (see also Fig, 1.16) 


Motor 

Generator j 

M 

Input 

\vatt5 

Vh 

watts 

Copper 

Loss 

watts 

Gore 

Loss 

watts 

Total 

Output 

watts 

Torque 

Mb 

Output 

h.p. 

Slip 

/o 

El 

CJ 

< 

910 

0 

0 

0 

0 

0 

0 

O-Ip 


IdOO 

0 

203 

287 

490 

^*8 

0-66 

0-35 

3' 

3S95 

2410 

234 

— 

a 930 

I PU 

3*93 

i-aa 

?i 

8 650 

4980 

3*5 

— 

55O0 

22*4 

7*48 

8-32 

a 

9430 

7 a8o 

434 

— > 

O‘ooo 

32 ’4 

10*70 1 

3'3'1 

8. 

12 850 

9 880 

625 i 

— 

10 790 

44*2 

M*50 

4*45 

8. 

15930 

n 960 

8ao 


13070 

54*5 

17-30 

6-12 

8i 


Case 3 


Copper losses — + VI^ == (2o)*(o-o6i8) + (i20'5)(i'73 

= 24'7 + 209 23^1 

Core loss = 1400 — 910 — 203 = 287 

Generator output — VJ ~ (i20'5)(2o) = 2410 

Motor output = 24.10 + 234 + 287 = 2930 

__ (33 OOP) (watts output) _ (7-05) (output) 
iorque- (2,r.A<) (746) " A 

Full-load current = sS-j A 


Approximate full-load output (gross) — V^VI 

= V'3(22o)( 38'5) = 147 k 

= 197 

Assume p.f. = 0-92 at full load 
Assume elRciency 0-83 at full load 

Then the net full-load output = (i97)(o'92)(o- 83) = 15 h.p 


THE CIRCLE DIAGRAM OF THE INDUCTION MOTOR 
Apparatus. As in previous experiment. 

Pioceduie — 

No-load Test 


Volts 

Amperes 

Walls 


r.F. 

1 

I 

i 

2 

- 

1 

2 

I 

2 1 


Cos ^ 

1 

227 

1 

22 p 

ifi5 

h *35 , 

J750 

— 700 

- 0-434 

1 

0-325 

if 



Locked Rotor Test 


Volts 

Amperes 

Waits 

H'l 

p.r, 
Cos ijf 

0 . 

1 

a 

I 

2 

• 

2 

05.8 

a7-0 

23*0 

2Q'5 

5G5 

100 

0-177 

0-630 

50° 00" 

32‘3 

S'po 

30*0 

a7'0 

880 

90 

0-120 

0590 

53° 00' 

39*0 

^0*7 

35*0 

32-8 

1270 

200 

0-157 

o-6io 

32O 30' 

45-0 

47-0 

40*0 

38*0 

1584 

240 

0-152 

0-6 10 

52® 30' 

50-8 

53-6 

450 

43-0 

2040 

360 

0-176 

0-630 

50"* 00' 

5^'0 

r^O'SJ 

48*4 

49‘3 

2500 

510 

0-204 

0-650 

49° 30' 

03*5 

63*0 

523 

53*0 

3020 

688 

0-228 

0'675 

47° 30' 

1 








Average 50° 50' 


Stator Resistance 


Volts 

Amps. 

2/? 

R 

2-34 

5*70 

8-35 

20*50 

0*28 

0*28 

0*14 

0-14 


Average resistance per phase of stator = 0'i4 


Calculations (see also Figs. 1.17, 1.18, 1.19) 

>hort-eircuit current at opcialing voltage of 
previous experiment 

= (sf e) ^ 


'\ill-l()iid h.p, (see previous cxpcriniciU) — 15 
'iilMoad li.p, per ]) 1 i.lsc 5 h.p. 
ti crease in sUilor coppci loss per j^hasc 

/^(/r- V) -- (o...,)(ioo“- n.r,2) 


Full 

I.oad 

/o 

0 

F.l-\ 
Clos 0 

Staior 
AnipcH s 

•Slip 

% 

Torque 

3 pi last' 
Ibdt 

25 

46° 00^ 

0 70 

155 

0 

n-o 

r,[> 

33 ° «o' 

0-8 1 

22-0 

3-0 

22-5 

75 

26° 00' 

0 90 

30-0 

5-8 

35 -« 

100 

23“ on' 

0 <)2 

3 « 4 

1'1 

47'5 

J 25 

22^* 00' 

»'93 

49-0 

11 -0 

6i-o 

150 

22® 30' 

0 -C)2 

62 -o 

14*5 

77.0 


=^ 5-0 kW 
— 2-1)4 kW 


i-’.iiiti- 

t'luy 


G'2 

Bi 

75 



Line Current Amperes 
on Short Circuit 

T T~ ST^ntt’T-rTTf r^'i’T C'vTAi^ ^r^^Tf^frT^r' too * Twopt.p'wacit TvnT'mov "Wo-nrn? 



Diagram of the Induction Motor 





^ iJLy' Jl ^ J.yj.\^ J. W-i-^ 
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THREE-PHASE SLIP-RING INDUCTION MOTOR 


Tesl EquipmenL Crompton and Parkinson Limited, slip-ring 
duction motor* 


b*h*p. ” 10 
Volts — 220 
G/s — 6o 


1135 np*m. 
Mesh 29 A 
Rotor — 33 A 


Observations — 


Locked Rotor Test 


Volts 

Amperes 

Watts 

P.F* 
Cos (ft 

1 

2 

I 

2 

I 

2 

34-0 

35'3 


15-0 

370 

— 100 

032 

44-0 

43-0 

20'2 

19-8 

630 

- ‘75 

031 

61-5 

6r(> 

30*5 

30-0 

1420 

- 330 

0'34 

70*0 

69-0 

35*0 

34*5 

1760 

“ 375 

0*35 

79-0 

78-0 

40-3 

40-0 

2500 

-410 

<>•30 

88*0 

86- <) 

45*3 

44*5 

2970 

— 620 

ti '35 






Mean V,V, 0-34 



No-load Test 



Volts 

A 111 pores 

\Vatls 








I- . 







Cos (jf 

I 

2 

I 

2 

I 

2 


229 

230 

i 4 -(> 

13 8 

1 920 

- 1280 

0 [ I 

229 

230 

ui-n 

1 po 

[925 

- 1305 

0 1 1 


Stator : Rotor Ratio Test 


Sfaloi 

Vohs 


227 

22O 


'J ’hx'c'-phasc 


Rolor 

Volts 


131-0 

i 3 'l 5 


Singlc'-phase 


Ratio 

I'Gq 

I'Gt) 


Staior 

Volts 


228 

228 


Rotor 

Volts 

13G 

135 


Ratio 

1-68 

1-69 




0*3 


ince of stator per phase = — = o- 1 5 


o-i8 


Using the duct 


distance of rotor per phase = = 0-09 Q J 


Maximum resistance of starter per 


phase 


4*78 O Volt/Amp mctln 


Starting Torque Test 


VoUs 

AiTipeics 

Watts 

Weight 

lb 

Scale lorcp 

Ib Jb-lL 

I 

2 

1 

2 

r 

Q 

S28 

228 

18-5 

1 0*0 

4^5 

3^00 

ti 

6*5 «i-0 


Effective weight of Prony brake arm = 4-2 lb 
Effective length of Prony brake arm = 30 in. 


Calculations (see also Figs. 1.20, I.2I) 

Starting torque = {W~ j)(lcver arm) = (i i 4-2 — 6-5)(2 Tj) 


■---= 2 i- 81 I> 

Short-circuit stator current at working voltage 228 



(This assumes that the voltmeter had a constant error of 
6 V, to permit graph (i) to pass through the origin.) 

P.F. at no-load = o-ii and = 83° 30' 

Mean S.C.-P.F. = 0-34 and .*. 0^ = 70® 

Increase in stator copper Io.ss from no-load to locked 
rotor condition at 228 V === 

= (o-i5)(i2r,‘-=- [,]-32) 

F}om Diagiam — 

Full-load rotor current — 347 A 
FulHoad starling torque — (bd) (scale) 

Rotor resistance for full-load starting torque 

__(^)(658) 

and the extra rotor resistance required is, therefore, 


2310 VV 


2'I Q 


— 2*1 — 0*09 :Ci: 2 f2 



Locked- ROTOR Test for Three-phase Slip-ring Induction Motor 



Fig 1.2 1* Three-phase Slip-ring Induction Motor 
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'o determine the starting torque and stator and rotor current 
L the resistance of the rotor circuit is (4*78a> + o-ogco) erect the 


11. , AC 4*78 + o-og 

:al line ABC^ so that = — — r 

^ BC O'OQ 


54 • I— join A to a. 


Then stator current OD — 18*3 A 

Measured (observed) stator current — 18*3 A 
Rotor current — 14*8 A 

Starting torque 6*76 Ib-ft per phase 

Starting torque (three-phase) 20*3 Ib-ft 

Observed starting torque =21*8 Ib-fl 


SUMMARY OF RESULTS 

useful to have all the important results collected together 
sfcrencc, For this purpose reference will be made to Fig, 1,7 
2 18), 

i) The magnetizing current per phase = OV 

7) The ideal short-circuit current per phase = O^L 

’) The no-load current per phase = O'O 

1 ) The actual short-circuit current per phase — O'P 

, . rY' • , magnetizing current 

0 The dispersion co-emcient = — r-- — — 

^ ^ ideal short-circuit cunent 


f) Maximum power factor — 

f) OP is the output line, and with slatoi current O'B /| the 
Lit in watts ^ X BB 

e — nuinl>cr of stator pluiscs 

P — applied volts per ])liaso (r,m.s. value) 
s the vertical intciccpt from B to the output line OP. 
k) The maximum output in watts — //q X P X TIP 

"he point 7^ is found by drawing aline parallel to OP tangent to 
irclc and TlPis the vertical intercept between Y'ancl the line OP. 

Tvr • .1 X TJV 

Maximum output in horse power = -- ^ 


') The output with stator current O'B in Ii.p. = 


miV X BB 


j) The loss in the rotor, with load corresponding to O'i?, 
— X BE watts 




X l\yjM IVIKJ 1 


(A) The loss in the stator, with current O'B ~ m^V X EF 
[1) The no-load losses, namely iron, friction, and windag 
no-load copper loss — m^V X FK 
(/«) The input = in^ V X EE’. 

(?j) The no-load power factor = cos 00' V. 

(o) The full-load power factor ~ cos BO'V. 

^ „ rotor copper loss 

^ rotor input 

rotor copper loss 

torque X synchronous speed in watts 

DE GE . 

BE ~~ QE 

{q) The torque multiplied by the synchronous speed, expr 
in watts = input to the rotor circuit = 

where number of rotor phases 
/g — rotor current 

= rotor resistance per phase, and 
s slip. 

The torque in Ib-ft (gross) 

— 0'i303 X io~« X X Zii.h X X ^2 X A’, 

= 0*1303 X 10^® X flux per pole (max,) 

X number of poles 
X total number of rotor concluctojs 
X rotor current per conductor 
X power factor of rotor current 
X breadth factor of rotor wiiidin,L> 

X coil span factor of rotor winding 

(r) The maximum torque in synchronous watts — /;qP X T. 
Fig, 1.7 

where VX =5 maximum vertical intercept between the circle and 
line OC 

(s) At P, the standstill point, the slip = r, and 

X PG =: rotor copper loss 
X GPI = stator copper loss with current OP 

Qi* _ sy nchr onous speed — actual speed — o) 

^ synchronous speed Wo 

actual speed = (u^(i — s) 
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<) OB — rotor current referred to stator = 

__ actual rotor current _ 

~ ratio of transformation ~ « 


i) The ratio of transformation = 




e Tj == number of turns in series per phase in the stator 

2^3 = number of turns per phase in rotor in series 

Ki — breadth factor of the stator winding for the funda- 
mental wave 


sin ■ 


?i 


where = number of stator slots per pole per phase 
/I = electrical slot-pitch angle 
^ i 8 o 

number of slots per pole 

Kq = coil span factor for the fundamental 

r . f! 

~ cos - or sm ^ 

2 2 

where e — deficiency, ftoni full span, of the coil in 
clcctiical degrees 

fi — actual span in electrical degrees 
Aj, — breadth factor for the runcUunental of the rotor winding 
^2 

sin q,, ^ 
q, sin - 

Ii.i " cos or sin ~- 


or the ;Uh harmonic, 


A 

sin H(7i ^ 


sin n 


A 




iniL jiuj\ mu I UK 


If the number of phases in, the stator is not the same as in 
rotor, then — 

/ / X X . 

X A-i X ^3 ‘‘ 

(jtj) The rotor resistance, referred to the stator 


where JZj = rotor resistance per phase 

f==K,xK, 

fi — Ki X A i 

The rotor reactance per phase, at supply frequency, leferre, 
the stator 


= Xg X 


x/x^ 

x/a** 


where Ti/j = number of effective turns per stator phase 
Tj/a = number of effective turns per rotor phase 
(a:) The slip for maximum torque 



rotor resi stance per phase 

~ * rotor reactance per phase at sTanclstill 

{y) Maximum torque 

(,?) Slip for maximum 


inR^ 
output == 


Xi. 




Maximum output = 






where -f- 



CHAPTER 11 


The Squirrel-cage Rotor 


he induction machine, using a squirrel-cage winding, we have a 
niber of copper bars, of circular or rectangular section, joined 
idler at each end by a ring. If we assume the flux to he sinu- 
ally distributed and rotating relatively to the rotor, it is clear that 
.f.s will be generated in each bar, the magnitude of each e.m.f. 
ig determined, at any instant, by the magnitude of the flux 
sity cutting the bar, If the slip is very small, the 
rents will be practically in phase with the gener- 
1 c.m.f.s; the distribution of current will also be 
isoidal; in other words, the curve of flux dis- 
ution will coincide with the curve of current 
ribulion, each being a sine curve in space. 

Under the north poles, the current will flow in 2 ^ 

direction; under the south poles, the current 
flow in the opposite direction. Thus the rolor currents will pro- 
c fluxes with as many north and south poles as those produced 
the stator winding. Thus, the first thing to notice is that the 
irrcl-cagc rotor adapts itself to any number of stator poles, and, 
oursc, it is a condition for constant torque that this should be so. 
Secondly, wc notice that, since the flux is distributed sinusoidally 
confine our attention to the fundamental wave of flux), there is 
onstant phase cliircrcncc between the e.m.f.s and cm rents in 
sccutivc bars, and this phase diflcrcnce is equal to the electrical 
pitch angle. This angle of phase difference 

p X i8o 
^ ( 1 . 

U'c p “ poles 

( 2,2 = number of bars 

If 4 current per bar (R.M.S. value) 

1 4 current per ring 


( 2 . 1 ) 

( 2 . 2 ) 
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f ^ ^ V/i/r JL \^1\. 


If AB and AC represent the currents in consecutive ring seed 
then the current per bar 

. . . . ( 

2 ' 


4 = 2^ sin 


■4 Jh 


, 5 ♦ 'Tip 

2 sin - 2 sin 

^0.2 


^ <3 

If j ^2 is large, then sin - is nearly equal Co and 


The maximum current in the ring is equal to the average curri 


per bar, namely, - 4 X half the bars per pole. 


♦ f— S/ 

^ 7T ^ 2p TTp 

0^2 

where 4 == maximum value of 4 
and 4 === maximum value of 4 


4 = ^ (R.M.S. values) 


The copper losses in the squirrel cage 

= • ■ • (2.1 
where ri, — resistance per bm 

and Tr — resistance of a single segment of the ring, i.c. the res 
tance of the part of the ring between two bars. 

Therefore, the copper loss in the squirrcl-cagc rotor 

- a* + * ’^rrl . (»•■ 


h "h 


. (2. 1! 


Qzh^w\ 


• ( 2 - 1 ' 
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2 sin^ ^ 


• (2.14) 


“ resistance of an equivalent bar, which gives the same loss 
as the actual losses in the bar and its associated 
segments 

[f the resistance of each end ring is i?,., then 

*. _ f \ 


rhe copper loss in the rotor 
= + 


2 sin^ 


■■(4) 


(2.15) 


(a,i6) 


— resistance of all the bars = 

Rf — resistance of one ring — 
rhen the copper loss in the rotor 

. R, 


/," \R 




(2.17) 


Fhc squiiTcI-cage is a polyphase winding, and the number of 
fhascs 

= = (2.18) 

numbci of bars po pah of poles 

!!Iansiclcr now the reactance of the rotor and the reactance of an 
ivalcnt bar, i,c. a bar with a reactance equal to that of one rotor 
l^lus lIic reactance of the associated segments. Apply KirchholT^s 
; to the currents at a junction ofa bar and the ring, and also Law 2 
1C volts chop around a loop of two bars and two ring segments. 


Wc have 


Ki 

hi 24 sill ^ . 


• (2.19) 

. (2.20) 


24 sin - -1 ^ 2 h^ sin 


rc Zb inijDcclancc per bar 

Zr impedance of one ring sector between two bars 

P P P 

h ^ ^ ^ — . (2.22) 


and the equivalent impedance per bar 





We have already shown that 

t' = n -H - 
2 



. (2.2 


. (2.2. 


SO the equivalent reactance per bar 



where = reactance per bar 

Xf = reactance of one ring segment between two bars 
= e.m.f, generated in the bar by the slip of the field. 


The copper losses in the squirrel-cage rotor 



= U + - 7 T^jr) = 

. (2.2C 

for 

Ijf = /a and . 

• (2-27 

Now 

0,2/3%' = mi X (/iT X R^' 

. (2.28 

where Ji/ 

is chosen to represent a resistance which will give tlic sam^ 


loss in the stator as occurs in the rotor per 

phase 

and mi 

= number of stator phases 



/a^ »H^a' 

• (2.29 

• * 

■ • ■ 

Also 

^ ^ ^ ^ ^ '^1 • 

• (2.30; 


~ mi ^ A'o • 

• (a. 3 i; 


dih' .. 4 ^ 1 ® X AV X AV X /V 

% ila* 

■ (2.32) 


, 4 /ni X X A^'i^ X AV 

- r. X . 

• (2.33) 


Thus, the equivalent resistance of the t'otor referred to the stator 

4mlT^^ X X JCg^ 





lere ^ n, 


1)^ ^ resistance of one bar 
resistance of one ring 


Ml = number of phases in the stator 
cl 0.2 number of rotor bars or slots 

In the same way 


X 


, X X 


■ (2.35) 


lere = reactance of the cage referred to the stator per phase 
at the supply frequency 

d X^' = Jfj, -1 -> -- r r 


where — reactance of one bar at the supply frequency 

, reactance of one ring at supply frequency 

and = ^ 

If the rotor slots arc skewed, and this is done to reduce the elTccts 
the harmonics in the flux wave, then in referring the rotor resis- 
ncc and reactance to the stator, wc must introduce the skew factor 
lo equations (2.34) and (2.35)4 
Let R\ ” skew factor, which 


C a 

-- X 

. To 2 

-- sin 7^ . 

C a 
— X 

Tj 2 

icrc C — amount of skew 
= BC {sec Fig. 2.2) 

Ta = rotor slot pitcli 

1 P'^ 

“ “ ~{l. 

Then for skewed rotor slots, wc have 

. , . 4 >»i V X X 

,1 Y ' - V ' X X X Kl 

d Aa - a;, X ^^2 


• (2.36) 


“H C 



Fig, 2.3 


• ( 2 - 37 ) 

• (2.38) 


uu 
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It will also be noticed that the squirrel-cage can be considercc 
a winding with phases^ where ^ - 


The Double Cage 

This was introduced by Dobrowolski. In this arrangement, 1 
separate cage windings are used; one, the outer cage, has ban 
smaller cross-section than the inner cage. The outer cage, i.c. 
one nearer the gap, has relatively high resistance and low leak; 
inductance; the inner cage has conductors of larger cross-sectioi 
usually narrow, deep bars, and it has low resistance and h 
leakage inductance, 

At the start, the frequency of the rotor currents is equal to 
supply frequency, and the currents in the inner cage arc reduced 
^ the large impedance of this ca 

^ Tlic currcnls in the outer 

$^2 clfcctive in produc 

f r 1 1 /s start, for the lo^ 

f ^ ff fT in this cage are large. 

Fio. 2,3 The outer cage is, therefo 

most effective as regards staiti 
torque. With rising speed, the slip frequency of the rotor curr( 
decreases, and the inner cage becomes cffeclivc, since its rcaclai 
becomes smaller, and its current increases. At full load the icaclm^ 
are negligibly small compared to the resistances, and the cui rents 
each cage arc determined by the resistances almost entirely. Tli 
the starting torque is increased, with smaller starting curre 
than in a single-cage motor, and some of the advantages ol’ I 
slip-ring type machine arc obtained. The inner bar is separat 
from the outer bar by a fairly long narrow slit, and I ho outer 1 
is usually of circular section, and the inner bar of rcctaiigu 
section — narrow and deep. 

Let = resistance of inner cage, referred to the stator 

Xi = leakage reactance, at supply frequency, of tiie iiii 
cage, I’cfcrrcd to the stator 
/g — resistance of outer cage, referred to the stator 
A'g = leakage reactance of outer cage, referred to the slaU 
at supply frequency 

= leakage reactance, referred to the stator, at supj 
‘ frequency, due to leakage flux linking both cages 

Then the equivalent circuit of the double-cage motor is as 
Fig. 2.3. 

Zi impedance o[ inner cage, referred to the stator 





?a — impedance of outer cage, referred to the stator 




rhe combined impedance 




2^1 + -^a ■ 

Vi , • (Va , 

7 ^+n— 

+i(^i + A'a) 


(2-40) 

(2.41) 

(2.42) 


Since is usually negligible 

III? I 

^ s 

Z =2: 

h -I- 'a , • 




j- -\-JVt 


>1 + 'a 

'I'a + >^25] . _ 

+ /z) Xir-Vi} 

('i'2){'i + >i) -I + ' 2 ) — 


(2.43) 


{2.44) 


R, , ... 

D ^ ih>i)ih + ' 2 ) -1 


A', 




" 0. -1- ' 2 )=* -I- ■ 

Tlic equivalent circuit can now 
'educed to ihaL shown in Fig, 2.4. • — wrr — wv\v- 
Clearly Fig. 12,4 can be reduced 
a simple scries circuit contain- 
an equivalent reactance, and an 
ivalciU resistance in scries. Fio. 2..1 

At synchronous speed {s — o) 

= \ ■ • 

(®=«0) '1 1 '2 (s***©) 


’ (2.45) 

. (2.46) 

• ( 2 - 47 ) 

• (2.48) 



■ (2.49) 


\JA 


AriJ2i jLjyjuuUJ. iUJS iViUJiUK 


and 


(>=0) 


= - 

Vi + V (, 




. 0 ) 


• (a>5< 


At standstill, j — i, and 




+ h) + 

(n + h)’^ + V 






. {2.51 
• {a-5^ 


c.=i) (h + 

R^{s = i) is a maximum at standstill when Xi — -j- r^, Th 

is not the best condition for starting purposes, however, and does nc 
correspond to maximum torque at the start. 



^J.''tnA£ iHGrioAC 
BQ^l''toAD 


Fto. a.5 

This conalrucllon is due to PungA and Raycit 


From equation (2.47) we have 
hh{H -1" -h 
(»'i + >'«)® -I- 

H- 




— Tn 




[(>'1 + '•2)’^ + " hiu -I- h) 

“ L K + >'2)*“ + 


] 


= ?'2 [l — 


hjri + >'2) 1 


(ti + 

(• AB X AC] 

AB cos p\ 
E~\ 


[■ 


AE 


AG-\ r Am 

ae\ ac\- 


CH 
^ AC 


(2-53, 

(a.fyL 


(2-55/ 


(2.56) 

(2-57) 

(2.58) 

(2.59) 

(2.60) 



'n Fig. a. 5, A£ = rj; ~ r^; CS at right angles to AC = j;Vi; 
= Xi’, JBG is perpendicular to AE. 

CH 


rhen the equivalent resistance 


AC 


^s the speed varies, the point E moves from C at synchronous 
d to D at standstill, and tlie equivalent resistance of the two 
CH 

:s = ra the angle /? = angle CAE, 

U synchronous speed G and B coincide, and E falls on C, 

CH 

U standstill 

(«=i) 


AC 


'^ow. 






(?1 + ra)2 + -rVi® 


(«^0) (J"! + >"2)” 

(>•1 + ?a)° 


Xi — X 
(«= 0 ) 


rt 

{ri + h)^ 




A a - Za X 
c«»t)) 


(i) 


(2.61) 

(2.62) 
(2-63) 

(2.64) 

(2.65) 

(2.66) 

(2.67) 


i AB in Fig. 2.5 represents X^is = 0), llien 
AH - AB cos2 fi 

represent X2 directly. 

file motion of the point //, as E moves from C to Z), will give us, 
ihically, information with regard to increase of rotor resistance 
decrease of rotor reactance during starting, 
flic currents in the two cages are dependent on the impedance 
ich cage, for tlic impedance drops arc the same in each, 
f and I2 arc the currents in the inner and outer cages, 
actively, then 


lx 


I.' 


AB 

BE 


^2 '^2 

''i -\-HXi ” 

assuming negligible reactance in the outer cage 

lx' I2' _ I2 

~ AB 


Vlso 


// “ AB li' 

re Ij' "h Iz is the vector sum of the two cage currents 
l^^’-.l^'-.l^-.'.AB-.BE-.AE 


(2.68) 


• (2.69) 


I ijLj.a ^ -ivy^ry ir±\y x \yj.v 


If the secondary current /g is known, the currents in the two 
can be read off the diagram, and also their phase relations. 
The shape of the lorcjue-slip curve will depend entirely o 

T 

ratio Xi to and also on -7. The torque, at standstill, of the 

f'l 

cage will be greater than at any other value of the slip, foi 
from 0 to I, and will be equal in .synchronous watts to the 1 
the cage. 

The torque curve for the double-cage motor, and the li 
curves for the separate cages arc shown in Fig. 2.6. 



0 Slip / 


Fio, a.6 


The torque, in synchronous watts, for tlic inner cage 

~XHr~vs\xyr ’ • ^ 

All cpianlilics arc referred to tlic staloi-. 

Neglecting a'j', the torque of the outer cage, in synehronous 

sE 2 

= X niy (approx.) . . ( 

'a 

The resultant torciuc, for the two cages, is 

sE^ X )y'niy X niy 

The starting toi*cpic 

_ X )|' X w/, Ry' X nty 

" -i (.VrT 

The inner cage produces but 1 0 to 15 per cent (approximate 

the sLarling torque. By making large, one reduces the sUi 

current taken by the inner cage, and, since this cage jn’ocliic 
small a part of the starting torque rcciuircd, it does not matter i 

how one increases^, but it is desirable to have a reasonable vali 
h 

the maximum starting torque of this cage, and this necessitate 


injLL jxui\ji\. 




real a value for Xj^, Clearly then one can start with the design of 
Liter cage, by assuming it produces 8o per cent (approximately) 

2 starting torque required, 
rom the relation 


starting torque 
full-load torque 

the ratio 


X slip at full load 

starting current in outer rotor 
full-load current in outer rotor 


^ 1 . r 1 starting torque . . ^ Lcr • ^ a ^ 

the ratio ol the load to r que j is nxed, the 

)f the motor at full load, considered as a single-cage motor is 
mined. For small ratio of-l^-, clearly the slip will be relatively 


to produce a large starling torque. This means that rg must be 
, The slip, however, when running under full load, with the 
ages, will be relatively small, as one will sec by inspection of the 
ivc resistance of the two cages, given in equation (2.47). 


SUMMARY OF CHAPTER II 

:) The sc|uirrcl-cagc winding adapts itself to any number of 

current per bar 


>) The cm rent per ring 


. ttI) 
2 SlU 


c number nf poles 

0^2 total number ol rotor bais 

j) 7’hc clfcctive resislaiue per bai, iiicluclmg the clfecl of the 
•iHRs, - r„ 1 

c " resistance pci bar 

^ resistance of a liiig segment belweiMi two rotor bars 
}) Clopper loss in the squiricl-cage iiitor 




h - 




5) The cncctivc reactance per bar, including (he cifcct of the 
ance of the segment of the rings, bc(wccn two bars 



JI A Ji 4^ X UKIW 2 Udl 


where aTj, ~ reactance of one bar at supply frequency 

Xf == reactance of the segments associated with a bar at su 
frequency 

(6) The effective resistance of the cage, refeired to the stator, 
phase 

„ , r„' X 4f«i X T/ X x 

R, - 

where ?»i == number of stator phase 
Ti =! turns per stator phase 

JCi == breadth factor of stator winding for the fundamenl 
= coil span factor of stator winding for the fundamei 

(7) The effective reactance, at supply frequency, of the 

referred to the stator, X^' s= x,, x ^ 

tea 

(8) The squirrel-cage winding has a number of phases 

_ number of rotor bars 
~ pairs of poles 

(9) Of the rotor currents flowing under one pole, the curren 
half of the bars per pole flow in one direction in the end ring, 
the currents in the other half of the bars per pole flow in the oppt 
direction in the ring. 

(10) To reduce noise it is desirable to skew the slots a full 
pitch, and to use as large an air-gap as possible. 

(11) Cogging effects must be diminished, as far as po.ssiblc 
correct choice 01 slot ratio. Tiic number of slots in the njtor n 
differ from the number in the stator, and to reduce cogging 
highest common factor of the number of slots in stator and n 
must be as small as possible. 

( 1 2) The ordinary cage motor takes a large wattless current fi 
the mains at the start, and the starting torque is not large in n 
motors of this type. 

(13) Where large starting torque, with low starting curn 
is required, rccoui-se is had to the do;/Wr-squirrcl cage, The in 
cage has high reactance and low resistance at full frequer 
The outer cage has high resistance and low reactance at sup 
frequency. 

The outer cage is very effective in producing large starting torq 
with low starting current. At standstill, the outer cage is the m 
effective. As the speed rises the reactance of the inner cage j 
smaller and it becomes more effective in producing its share of 
torque, 


1 riLh 'j/ 

'ig. 2.7 shows the speed/torque relationships of single-cage and 
)le-cage motors on the same graph. 

’he introduction of the double-cage is due to Dobrowolski. 

’he shape of the torque cui've depends on the ratio of 



Fig. 2.7 


Lance of the inner cage at full su]:)ply frequency , , , 

J? i and also on the 

resistance 01 inner cage 

resistance of outer cage 


of 


resistance of inner cage 


Jsual values of” — 4 or 5 and — — 2 or 3. 

A*! ‘ /*! 


^late V (facing page 88) sliows an example of a double squirrel- 
rotor (axially ventilated motor, with balance ring at non-fan 
speed 3000 r.p.m.). 



CHAPTER III 


The Circle Diagram 


In Chapter I wc developed the circle diagram by making approxi- 
mations, ihc chief of which was the transfer of the magnetizing 
circuit from G and D in Fig. 1.5 to the terminals A and B. A more 
exact derivation will now be made. 

The equivalent circuit of the polyphase motor is shown below, 
in Fig, 3.1, It is as follows — 



Let the primary impedance be 

.... (3.1) 

The secondary impedance referred, to the primary, in the 
equivalent circuit, is 

= .... (3.'-!) 

The magnetizing impedance 

^ J^m * • * * ( 3 • 3 ) 

^ ^ (^fm ' * (3*4) 

== admittance of magnetizing circuit 

V = aj>plied pxh 

1 2 ~ sccondaiy current, referred to the primary. 


Then 

V = ZJi H- Z^%' 

• ( 3 . 5 ) 

and 

z,y=-\- £, = 

■ (3.(5) 


/i-V z,’ 
y z,„ ' ' 

■ (3-7) 


! 

1! 

. ( 3 . 8 ) 


68 


THE CIRCLE DIAGRAM 

69 

and i i 

V • 

• ( 3 ' 9 ) 


• ( 3 -io) 

Therefore, equation (3.5) becomes 


Z,'Z„ 


V = Z^/i H- _7 , y . 

• ( 3 -ii) 

/Z,'Z, + Z,Z,„ + Z,'ZJ 

z,' + z„, ) • 

• (3-12) 

• ; ~ ^2 + y 

^ Z,'Z, + Z,Z,„ + Z,'Z„. ^ 

• (3-13} 

yi ^+ 2 .'Yin 1 

- Mz, + Z,' + Z,z,'rj • 

• (3.14) 


And from equation (3.10), wc have 


'2' = '1 X y 7 


I,' =Vx ^ 


^2'n. + I 

I 


Zi + Zj' H- Z,Z,'r,n 


(3-I5) 


By subslilulijig the values for Z^'t T^, Z^ wc can obtain the 
primary and secondary currents. 

Now -I >,') U,„ - ; 7 ; J . . . ( 3 . 16 ) 

= y Sm -I- ^ 2 '/'',,. + J (^2'.?m - '7 * m) • (S- 1 ?) 

1 -1- == I -I- gm 'I- Xz'l},,, -\ j - 7- /hn] 


where 


a ■]-jb . 

= I -I- A + x^'l>„ 


■ (3-19) 
• (3-2o) 

■ (3'2l) 


and b = x^'g,„ ~ - - A„. 

Now Z, + Z,' + ZiZ,'r„ 

= (rj -p + {fl +J^l) ^"7 ~ {3-22) 


(i-(T,55,) 


THE imUCTION MOTOR 




H" jj'^l ^ Sm “H •Vg ^\Sm " ^ ^?h| ( 3 *'^ 3 ) 


^1 + “ + jSm + ^m^ 2 h + “ 7 ^ 


+ J pi + -^V J s »» I (3-^4) 


== 0 +j(l 




' a +jl> \ 

9 -v i 4 
la^ + b^ 


nbsoluto + <if^ ' 


// = P X 


v/tf^’-l- (P 


• ( 3 - 25 ) 


. (3-26) 

• ( 3 - 27 ) 


The angle bclwcen the primary applied volts and primary 
current 


- 6 .({ 

= tan^^ taii"^— 

a € 


. (3.28) 


a = I -I- -I- .v//;,, 

* - *.'«. - ' A - ' ■ 


• ( 3 - 29 ) 


^ h + Y + ~ ■ 5„. -I- \ ““ ' ) 

d = -I- + .v,v, 7 ;,„ (s.3^) 

f -f-jV/ 'V + h^^gm -I- + ^{AVa'^m — 'Va'/-’...) 

+ f'l + ^»,'Va''i - Va'^m +./(-Vi -h .V2' -I- i,?,,, -(- x^x,ih„,\': 


E + Fs 

~ G + Hs 

where £ = (3.3<{) 

F = I + Xi^\, +Jx 2 'g„, ( 3 . 35 ) 

<? = ?/ + V^'gm + Xtr^'K +J(Xi>2'gm - • ( 3 - 36 ) 

H =: h+K,-h'i-i-XiX/g,„+j\xi+X 2 '+Xs,'rig„r\-XiX 2 b,„) ( 3 - 37 ) 
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E J - Fj _ F H 

G -i- Hj “ H G -I- Hf ’ 


• ( 3 - 38 ) 


G + Hs ■ 


( 3 - 39 ) 


Now A — a complex constant 

I - 1 ' Xi'b,„ + jx^'g„ 


>1 + -t- ■'C-i + XihSm -I" 


(3-40) 


(i -!- x^'b,„ -{-Jx-zg,,,} 

i A = - I ~ XiX^'g,„-j{xi jr aV± 

{^'i + l>,„x^'ti - XiX^'g,,,)^ + {Jfi + V + x^'rig„, -t x^x.^'b„yi 

• ( 3-4 0 


A =.f-\-Jg 


■ ( 3 - 42 ) 


where 


{>1 + - Xl>^2Sm)ii - 1 - 


vVa '...)’’ ('^1 I- 


{>1 I b,„\2 f} A 


-I - A'l-Va'if,,,] ~ (I I- .v, 7 ^,.l 

X |.V, -I A*,' -I- A'a^t.?,,, -I V,.v//',„! . 

x,\/gj~ \ {X, ^ I- v.//,g,,,-l- Xiu'b,,,y 

r. FG 

B £“ H 

also a complex constaiU. 

{1 I x./b,„ I" yA'jj .ij,,,] {)« "I' ^ 1^2 .?(« "I liX\l‘>gM 

“ 'i - 1 - X\X'2/i,„ ■l- 7 (-Vi I- -V 'h A.//,;',,, ! x^xlb,,,! 


--Ii+jk ■ ■ • • • ■ • • (3- 18) 

where h is ihe real pari of B and k is (he imaginary part of B. 

LclE = < 7 -i-Jj \ 

( 3 . 47 ) 

F = si+Jt 
H = u +,/» J 
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B - q +Jr 


ih +My +Jz) 

u +> 


uq + jur + jqv —vr~ Siy + tz — jty — js^z 
u ~]rjv 

uq — pr — + tz + i(»> — g)' — s^z + (/p) 

« +> 

{uq— vr - Sij! + iz) +j{ur + qv—ly — 

« +> 


• ( 3 - 48 ) 

• (3-49) 

• (3-50) 


Rationalizing the denominator, we have 
{(«? — »r- + U) +i(«?- -1- <?«- }{«->} , ^ ^ 

B = ^ . (3.51) 


h = 
k = 


«*(/ — ttor — usiy 4- + vur ~\-’v^q — vly— vSiZ 

“ 

4- uqv —uly — uSiZ — uvq + v^r 4- vSijy ■ 
«2 -|- 1)2 

— k+ jk 

u^q — mr — us^y 4- utz 4- vur 4 - v^q —vly— 


viz) 


Also 


«2 4- 

uh 4- uqv — uly — tis^z — tivq 4- + vs-^y — viz 

4 “ v^ 

A = - = -^1 = (a 4- j 0(«-» 

H u 4- jv 4- 

— »A + +i(to — 

~ tfi + v^ 

us-i 4 - . {iu — -itv) 


where 


Now 


==f+jg ■ 

J. USi 4 - Iv 
"" m 2 4 - ff® ' 

_lu~ SiV 
^ ~ -{- 

E 4- Fj 


<1= V 


,6 4- Hj 


A 4 - 


B 1 


G 4- HjJ ■ 




( 3 - 52 ) 


• (3'54) 

• ( 3 'r)r)} 

• (3*5^) 


(3-3») 
■ (3-59) 

• ( 3 -H 

• { 3 - 6 i) 

• (3-62) 
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Lei us lake a system of rectangular co-ordinates, in which the 
vertical axis represents real quantities, which we will call the X-axis, 
and the horizontal axis represents imaginary quantities, i.e. the 
quantities which arc multiplied hy j or ~j. 

Then G -]- Hs represents a straight line (Fig. 3.2). 

G -I- Hs = ra' + + Kyz'Sm - m'bj 

H" >‘j ^1^2 5 irt " 1 “ "I" ^2 "h ^2 

=J' -hjz + (a -|-»J (3.63) 



Set oir OA — J ^ fz H" vertically along the 

X-axis, and ^ AP ^ parallel to the —j axis, 

for AP is negative. 

Then OP - G. 

Now draw /W vertically parallel to the X-axis and make it = w, 
and jV'Q^vcrtic<illy parallel to tlu' Y-axis v, 

Tlicn PQ^- H for s -- i. Therefore, 0 ( 5 ^— G T H and rcpic- 
scnls G + Hi for y -= i. 

As s vaiics iroin o to i, li moves from P to Q^. Take any point li 
between P and and join OR and pioducc to R\ whcic Oli* — 

"Jlicn is said to be the inverse point oi' Jt 

Repeat tlii.s construction, i.e, find the vailous inverse points 
corresponding to the vaiious positions of on the line RQ^and PQ^ 
produced. The loci of the various inverse points is a eiicle, which 
passes through the origin 0. 

We notice also that since OR — G + is a complex qiiantity, 
we may represent it by then if R represents OR' in magnitude 


1 L 

G H- Hs } 


y e 


^jO 


(3-6-1) 


Thus, if the vector OR makes an angle 0 with the horizontal, the 
point R' (i.c» the inverse point) should be equal to ^ and be below 
the horizontal by the angle — 0, 
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Thus, the complete inversion is a circle, passing through the 
origin 0 , and is an image of the circle above the horizontal axis in 
the horizontal axis. In other words our inverse circle is below the 
Y-axis. Let y and x represent the co-ordinates of point R and 
y' and x' represent the co-ordinates of point R'. 

OR = r, OR' = )•'. 

r sin 0 x x , „ , 

• (3-(J5) 


Then x' = r' sin 0 = —sin 0 
r 






y' — cos 0 - cos 0 “ 


r cos 0 y 


y 


Thus, for the inverse of any locus F{x,y) — o, we have the locus 


. (3.66) 




Therefore, to obtain the inverse, wc substitute in the equation 
" " • ^for^. 


of the curve 


x^ +y‘ 


for X and 




Now we saw that G -|- Hs represents the line PQJT, Let the 
equation of this line be represented by 

y = 7nx -\- n . 

The inverse of this line is 


y 


»tx 


,•^2 -|- x ^ -\- 


4 - « 


(3.67) 

( 3 . 66 ) 


i.e. 

— mx ~ n{x^ -\-y = 0 

(3.69) 

i*e. 

• n }i 

• (3.70) 




i.c. 


• ( 3-70 


_ -f I 

• (3.72) 



This is 

the equation of a circle. The radius 



_ + I 

• (3.73) 


211 ... 

The A*o 

co-ordinalc of the centre, with respect to 0 , 



— m 



2n ‘ ' 

• (3.74) 

and 

* ’ • 

• (3.75) 
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Now we need the radius in amps, and the other co-ordinates 
in amps. 

Now 'i- 

The radius of the circle in amps 

The true origin will be displaced from 0. 

The real co-ordinate of the centre, i.e. the .v-co-ordinate, will be 

, . .(3.78) 

i.e. Xc is multiplied by VVJi^ -)- 

The ncwj'-co-ordinatc of the centre 

= Vg+v\/h^TT^~ . . .(3.79) 

i.e.j^^p is miilliplicd by + F and the radius is turned through an 
angle a — tan"*^ ^ 

To dctciminc the radius, we need to know the values of m and n. 
Now ;//, the slope of the line PQ7'‘ ™ tan </>. 

„ *^1 + X 2 1; T 

h + 

And n is the intciccpt OM on the — j axis, 

We have '^ 1 ) 

where Xi andj^i arc the co-ordiiiales of 7“* in Idg. 
i.e, y mx — mx^ -|- JV| 

When .V = 0 , j — OM, 

OM — j’l — mx^ — n 

n = x^r^'g,,, - 

„ (?l-+_'^2'.+ + XtX.i'l>, „){>{ + /Pa'i',,, -I- 

'i' '1 XiX^ g,„ 

We have seen that 


• (3-80) 


• (3-81) 


. . (3.76) 

• (3'77) 


, _ V r£±Ai 

‘ [<3 H- Hs_ 


■ (3-82) 
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At synchronous speed, j- = o 

,1 I _ V V ^ - V 

{«~0) ® — 'ih'hn) 


j „ ^ ! -1 - 

‘ (.=0) V ih' + + *1^2'^™)* + (Xlt2,'g,„ - 


I- 


(S'Ss) 


The angle between the primary current and primary volts at 
synchronous speed 

ten- - tan- ^^5%- - . (3.84) 

r^gm h' + rpa'^„, -I- Xih l>m 


At standsLill, i* — i, 


(«=i) 


£ + f] 
G + H 


A li==V 
(«=i) 


h'gm-jrz’bm + I + »2'*m +JXzg,>, 


>2 + hh'gm + -h ?1 + l)„,X2ri - X^Xi'g,,, 

■ + Ji^iTigm — hh'K + xi + Xq + Xi’rig,,, + x^x^'bj. 


. j ^ p- I (^a'g»> + ^ + Xz'b,„y 4- (Xig,„ - 

(s-I) ^ i^z' + >'l>z'gta + Xi>2'b,n d 


+ h -h KrXz'fl - x^x^'g,,,)'^ 

+ z'^m + d- X2 d- x^rpg^n 'h xp^b,,) ^ 


The angle between the primary current and primary volts 
Xzgm - rzK, 


— tan“^ 


I + h'g»i d- Xz'bg, 

_ Xi>2g„,~ U>zl>m + •'^1 -I- -V a' ±x^ig,„ I- XiX/b,,, 

>'z d- A'a'g.,. d- d- /i d- — -vpa'A'm ' ‘ 

At i == CO 




4 = 


V X {i -H Xi'b,„ +jx2g„,] 


(.=«> H r, d- /'mV'i - XiX^'g„, -\-j{xi + Xz' d- x.j,'iig,„ d- XiX./b,„) 

• • (:h« 7 ) 

and 

, ^ P / ( T d-^ ''!’,,.)^ d- {X2g,,y 

(j-^co) ^ (^1 d" ^mXz h ~t" (•'■i d‘ ''2 d‘ x^ ?ig,„ T -Vj.Va b,„)~ 

. (3.H8) 

and the angle between primary volts and primary currciit for s co 


== tan 


-1 ^2 S. 


„ tan-i ^A ± 3 'J: f n s 

I d- x^'b,,, ri d- b,„x^' ~ XiX^'g,„ 

Thus, three points on the circle can be calculated and the centre 
and the radius found by geometry or by calculation. 
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Some of these expressions are rather cumbrous, but in any given 
example, we shall be able to discard, without sensible error, those 
which are negligibly small. 

T ^ 

Thus, rg'A,,, ~ is small, and very small, and other 

similar terms. 

The expressions can then be considerably simplified by neglecting 
these small terms. 

The Torque Line 

Wc will now show that the torque is represented by the vertical 
intercept between the circle and a straight line, called the torque line. 



Let B be the point at which the slip ^ = o, and, therefore, the 
speed is synchronous. At B no torque is developed in the rotor. 
The jDrimary current at B is OB, 

Let P be the point where ^== 00 . Since the loi que in synchi onous 

watts per phase ^ {/./)- , the torque is zero when ^ co. 

Let X andjv be die co-oidinatcs of point E, Then 

{x-x,y^ + 

where aiidj)'<> arc the co-ordinates of the centre and R - radius 
of the circle. 

;^2 ^ 7J2 2XXc + 

The lorc|uc in synchronous watts -- input to the rot<n’ and 
the in]HU to the rotor = input to the stator — iion loss — stator 
copj)er loss 

== F X EH^ {x^ +f)u-C . . ( 3 . 90 ) 

where C = iron loss 

and OE — primary amps = Vx^ +y^ 

V)>—{x^ + — C* = rotor input per phase 

Vy— rj[R^ + J2.VA:, -|- 2y)\ — —C^o . (3*90 
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i.e. yiV— 27/1) - 2a:a;/i - ~ ~y,^) - C = 0 . {3.92) 


At B and P, the torque is zero, since' at 5 , — 0 and at P, 

j — 03 , so at -fl also the torque is zero. But this condition implies 
the truth of equation (3.92). This equation is linear in j and x, 
and, therefore, represents a straight line. 

We may also arrive at the circle and its centre co-ordinates in 
another way — 


We have 



(3-33) 


Lcl /i = a 

also £ = -Jh’b,,, =q-\-jr 

F = I -I- x^'K, = -fi -\-ji 

G = ?a' H- m'g^ + x^r^'b,^ +7(aV2'5,b - =y -\-jz 

H ^h-\r b„,Xi')i-XiX2'g,„ +j{xi + x^ + x^r^g„, + x^x^b,,^ 
= « +> 


From equation (3.33) wc have 

/iG + I^Hs = F£ + VFs . 
i.e. fiG - VE = s(VF ~ liH) . 

(«— +Jz) - V((f +jr) = r[Fji + VJl- (a - 

ay + fiz -{-j{z<f.~y^) — Vq— Vp 

= Kfj — m — fiv) + 7j[ Vt /Stt 

ay -\- ftz— Vq r= s{ Vsi — au — ^v) 

az—yfi — V) = s{Vt + f}u — av) 

ay + Pz— Vq _ Fq — au ■— fiv 
az ~yp —Vi Fi + fSu — av 

ayVl 4 - ay^u — a^yv + ^zVl -|- p^zu ~ Pzav — V^qt — 
— azVsi — a?zu — aftzv —ypVsi +ypau -\-yP^v — Vhsj^ 

i.e. a\zu —yv] -|- IP\zu — jo] + P[zVt — Vqii -\-yVsi - 
-h alyVl + vVq— zVsi — Ffw] -f- F®?q— V^qt - 

i.e. that is 

„ hyi+J.^t-cVh-Vr"] 

L zti -yv J 

f^F<— Vqu +yVsi— V)v\ 


• (3-93) 

• (3- 94) 
-i-»l 


— ay] 


• (3-97) 


Vpqu -\- avVq 
■|-Fa/« -\-V(hv 

- Vw] 

= o . (3.100) 


. 


zu --yv 


q- 72 llhlUf 
Yzii —yv^ 


0 (3.101) 


THE CIRCLE DIAGRAM 


79 


Let K ^ ^^9 — zVsi — Vru 
zu —yv 

I ^ -\-yyh’^ 

” zu—yv 



Our equation is, therefore, 

+ /92 + ra + //3 + J\r = o 


The co-ordinates of the centre are 

- - jr and - - 
2 2 

and the radius of the circle 



• ( 3 - 102 ) 

• ( 3 - 103 ) 

- (3-104) 

- (3-105) 

- (3-106) 

- (3-107) 
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CHAPTER IV 


The Single-Phase Induction Motor 


This motor is in very wide use in industry, especially in the fractional 
horse-power field, and is extensively used for oil-burners, fans, 
blowers, office appliances, and certain types of small tools. It is also 
widely used for refrigerators, pumps, compressors, washing and 
ironing machines. For use on the farm, it is used in sizes of from 
I to 7’5 h.p., for threshing, feed-grinding, corn-shelling, grain- 
drying, corn-husking, hay-baling, milking, water-pumping, bottle- 
washing, milk-cooling, and also for silo work. It is a very useful 
motor in relatively small outputs. For large powers it suffers from 
disadvantages, which are inherent in its characteristics, and is never 
used in cases where a polyphase motor can be adopted. Chief 
among these disadvantages are: (a) output only about 50 per cent 
of the three-phase motor, for a given frame size and temperature 
rise, {b) lower power factor, (c) lower efficiency, and (r) has no 
inherent .starting torque, and, therefore, requires a starling winding, 
with a phase-splitting device. In spite of these drawbacks, it is 
admirably adapted for small outputs. Whilst the simplest in con- 
struction of all a.c. machines, its theory is more complicated th.m 
any. Its characteristics are deduced by two very diflcrcnt mclhods. 
The methods are known as: (i) the cross-field theory and (2) Llic 
two revolving fields llieory. 

THE CROSS-FIELD THEORY'" 

This theory is due to Poticr and H. Goerges. Since this offers snnie 
difficulty to the average student, it will help, perhajDS, if a lew simjile 
fundamental principles are enunciated. Briefly these are — 

(a) In any transformer, the secondary ampere-turns oppose the 
primary ampere-turns, and tend to reduce the flux. 

(b) To determine the direction of the c.m.f. in any condiiclor, 
place the tight hand along the conductor, in such a position that the 
flux passes from the palm to the back and the thumb points in the 
direction of motion of the conductor relative to the field, then the 
direction of the e.m.f. is from the wrist to the finger tips. 

(r) To determine the direction of the force on a conductor, 
carrying current, and situated in a magnetic field, place the left hand 

♦ The following paragraphs follow Behrend closely 
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along the conduclor, in such a position that the Ilux passes from the 
palm to the back, and the current flows in the direction from the 
wrist to the finger tips, then the thumb points to the direction of the 
force and motion, due to the force. 

{( 1 ) Another variant of (e) is to imagine the flux to be like a heavy 
curtain, the field surrounding the current-carrying conductors has 
a general direction at right angles to the main flux, and tends to 
move the curtain to tlic right or left, depending on its direction. 
The force acting on tlie conductor is in the opposite direction to the 
movement of the curtain, due to the field of the conductor. This is 
shown in Fig, 4.1, 

The single-phase motor has usually, a distributed, drum winding, 
which usually fills two- thirds of the pole pitch in each pole arc. 


V Y 


rnmn 

Field 


force on eonduefor 


direction of field 
due to conductor 


Vio, 



StatorMMF 


RotorMMF 


The remaining ouc-lhircl of the pole arc^ accommodates another 
winding, which is used for starting purposes, 

In Fig. 4,2 we rcprcscnl (he stator winding by a single coil, 
whose magnetic axis is the vertical axis. With the direction of current, 
at the instant chosen, our magnetic Ilux is shown. We will call this 
flux Assume there is a squirrel -cage rotor. 

At standstill oui rotor behaves like a short-circuited Iranslbiincr, 
so our rotor currcnls, at standstill, must How in such a direction 
that the rotor m.m.f. opposes that of the stiUor, The magnetic axis 
of the rotor, due to these cuircnts, gcnciatccl in it by transfoimer 
action, is the vcriical or i^-axis or bansfoime) axis. 


It will be noted that, at slandslill^ there is no resultant toiquc on 
the rotor, for the interaction of the cuirents on the light-hand side 
of the rotor with the flux (j)^ is neutralized by the action ol the 
currents on the left-hand side of the rotor with ejiy. 

ThuSy the single-phase induction moloi^ unaided by a stalling winding^ has 
no stalling toique. 

Such a motor, however, if given motion in any direction, either 
clockwise or anti- clockwise, will develop a torque and continue to 
run in that direction. Now let us assume it is running in a clockwise 
direction. Rotation in the flux: will generate in the rotor conduc- 
tors e.m.f.s, and currents will flow in such a direction as to produce 
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another flux along the horizontal axis, iiC, the uV-axis. This is known 
as the excitation axis, 

Fig. 4.3 shows the directions of e^m.f.s and currents in the rotor 
due to rotation in the transformer flux during the time acts 
downwards. Wc will concentrate our attention on tlic actions in 
the two axes X and T, 

Consider first the X-axis* We have c.m.f.s set up by rotation in 

. in the direction shown in Fig. 4.3. Due to 

i pulsation of wchavea transformer c.m.f. 

§ in the X-axis, which lags 90*^ behind f/^g. 

p Wc shall call the c.m.Cs in the X-axis — 

(a) Rotational e.m.f, 

(^) Transformer e.in.f , 

^ ^ ^ These two e.in.f.s in the X-axis oppose 

^ i another, and arc nearly in phase oppo- 

sition* The direction of the currents set up 
Y0 is determined by the rotational voltage 

* 111 the vertical axis, the T-axis, wc 

have also two e.m.f.s — 

(a) A transformer c.m.f, due to pulsation of f/>p 

A rotational c.m.f, clue to rotation in the flux <'/>2. 

Cyi > ^vr direction of the currents in the jT-axis is deter- 

mined by the resultant of and 

Now in the t"-axis Cy^ and are opposed to one another, or more 
strictly, the phase angle between them is greater than 90°, 

Now torc|ue will be produced in the following manner — 

{a) By the interaction of the excitation flux ^2 currents 

in the y-axis. This is the (hiving torque^ producccl by the iiUciMction 
of the cu) rents in the T-axis with the excitation flux 

{b) By the interaction of the currents in the excitation axis, 
i.c, the A^-axis currents, with the transformer flux f/>i. This is a 
retarding torque. 

Thus, wc note that in the single-phase motor there are I wo 
torques produced — 

(1) The driving torque, due to the action of the currents iy and 
(^2) the excitation flux. 

(2) The retarding torque, due to the action of the cui rents and 
the transformer flux* 

Now the excitation flux ^2 displaced by - in space from 

* » ' 77 ’ 

but its time phase angle will dilTer from 


The current produced in the X-axis by rotation in will lag 
behind the rotational e.m.f in the X'-axis by an angle whose tangent 

rotor reactance , . . . 1 , . - t 

^ ^ ^ ^ncl siHCc tlic Totational voltage is in phase with 
1 esistance 
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the flux <l>i, il follows that the time phase angle of <j)i and f/jg will be 

given by tan ^ — = tan"^ 

J'a rotor resistance 

We shall be concerned with the relation of and <f>2 very closely 
in what follows. Il should be noted that is in phase, neglecting 
hysteresis effects, with i„. 

At synchronous speed and if the time phase angle were 

TT 

-, we should have a true rotating wave of flux of constant anijilitudo, 

as in the polyphase motor. ^ 

Since the time phase angle = tan“i it follows that the angle 

TT 

will approach — the smaller rg, i.e. the smaller the raid! teiislmce. 

Since, also, Xg depend.s on the leakage flux of the rotor, it follows that, 
since the leakage flux is invci'scly proportional to the rcluctaiu’c, this 



reluctance must be small also. A low wmlatm of lolor is t ('(| nil cd lot 
approximate quadiaturc time relations of tlic (luxes </», and r/»... 
\Vhalcvcr the resistance be, the jrhasc relation between </>, and 
remains approximately constant as the load and sjteed \.iiy. 

The vector diagram, Fig. is very simple. \Ve shall adopt the 
device of replacing leakage reactance voltage droiis by the t on e- 
sponding leakage flux. In that ease, otily 1 esistance eh ops .ite jticsenl. 

OB •= .= rotational c.in.f. in A’-axis in ph.ise with </., 

X 

« ■= /_BOC ■— tail"* - constant angle between tj>. and </>., 

>2 

OC ~ ij.7.^ =- resistance voltag(> in .v-axis of the loioi 
BC ~ transformer volt.'ige in A’-axis lagging ^ behind 
OA = = traasfoimcr voltage in T-axis due to and 

'jTC 

lagging ~ behind 

AF = e„ = rotational voltage in T-axis due to rotivtion in (/*o 
OF — = resistance voltage in the vertical axis 
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OBC ^ triangle of voltages in horizontal or excitation axis 
X-axis) 

OAF 5= triangle of voltages in vertical i^-axis of rotor 

As the load varies, the point F moves along the line AD, At the 
point vv^here OE is perpendicular to AD^ synchronous speed is 
reached. 

From Eio D and beyond we have generator action. 

Relation of Fluxes and 

Let f = supply frequency == pairs of poles X sychronous revolutions 
per second 

yi = frequency due to rotation = pairs of poles X revolutions 
per second 


Then 

oc X /x . 

• (4'0 

and 

Xf— sin a . 

• (4.2) 


^2 X/= flix X/x sin a . 

• (4-3) 


^ sin a = A" sin a 

fi f 

• (4-4) 

where ^ ^ ^ 



Also 


■ (4-3) 



. (4.()) 

AE 

— OA cos — aj = OA sin a = sin a 

• (4.7) 

i.e. 

AE = Syi sin a oc (jy^f sin a . 

• (4-«) 


AF — Cy^ cc <1)1 X /sin a 

• (4-9) 


AF = AE when = /, i.e, at synchronous speed. Therefore, 
the point E corresponds to synchronous speed. Also it is clear that, 
beyond the point E, the current makes an angle less than 90"^ 
with i.c. the machine is a generator beyond E towards D, 

The driving torque, multiplied by the speed, expressed in watts 

= X iy cos A,OFA oc AF x EF , . (4.10) 

At synchronous speed the J\OCB = l\OAE. 

Now OE — OA cos a = Sy^ cos a . 


• {4-1 i) 
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and OC ~ OB cos « = cos a . . • 

but e^i = at synchronous speed {see equations ( 4 . 1 ) and (4'5))' 
Also OE^^AE.DE 

The negative power 




OC® 


cc -- 


( 4 . 14 ) 
(4- '5) 


Now 


OC, = e„t cos a. oc<l>iXfi cos a 
OE = OA cos a oc </>x/cos « 

,/i 


OC=OEx 


S 


Now 


AF — oc li 


’l>2 X (y) /•■*'» «• 

AE = sin a oc </ji X /sin a 

AE~\f) • • • 


Now the copper loss oc OC® oc 0/i® x | j j 


fW 
1 
AE 


AE 


(4..(i) 

(4-17) 

0j.i8) 

(4-'<)) 

Oi.ao) 

(•l.'ji) 


i.c. OC® oc AE . ED 

for OA® AE . ED 

OC® oc AE . ED 

Therefore, the negative powci is piopoiticm.il (o 

/17' X A/:) in rig. 4.4 . . . 

Therefore, llic net power = driving jiower -- negative powei 

oc /J/''(7iA— AO) in rig. .J .4 . . (i-'J't) 

Equivalent Circuit 
OF 

The current in the A-axis, = — , is icsolvcd into two c ompniienls, 

^2 

OG 

— is in phase with 0/1, i.c. with It is, thcrcfoiT, a watt corn- 
ea 

FG 

ponent, and a second component — , which is wattless, and sul)- 
tracting in its magnetizing action from the flux {See Fig. /{./p) 


7— {T,59i) io PP. 
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Now OG — OA — AG — e„t — AG ~ — AF sin a . (4.34) 

= sin a , (4.25) 

Let R = resistance, which when acted upon by e^i will have a 
current OG flowing in it, i.e. -jj — the watt component of the 
current. 

• (4.26) 


R 

GF — AF cos ot — e„. cos a 


but sin a e,, 

GF — Cyi sin « cos a 

and OG = sin® « |r — sin® a| . (4.27) 


1; X, 

• ym 


Ai' 




/?e 


Fio. 4.5 


’'vt 

R 




l^^'^sin® a| 


h 


R.= 




Therefore, the equivalent resistance 

^ 9 ! 


'-(7)'”’" 

The wattless component of current in the T-axis 

I A\ ^ s'f* “ cos a 

Therefore, let Z, = the equivalent reactance. 


x: 


/i\®sin a cos a 




iS) 


(4.28) 

(4-29) 

<>4-30) 

( 4-30 

(4-32) 


Then 
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• (4-33) 




sin a cos a 


The equivalent reactance 


“ cos « 


(4-34) 


A® sin a cos a 


' The total current in the 3^-axis, = 


OF 


= -I- GF^ 

^*2 

0 G“ = [i — sin^ a + sin** a] . 

whore ^ _ MuoUpoed 

J synchronous speed 

GF^ = sin^ a cos^ a 

I ”• sin^ a -|- sin‘^ a + k^ sin"^ a cos^ a 




_ sin ^ a •'I- h sin*^ a(sin^ a -(- cos^ a) 

^‘2 

\/i — 2/:^ sin^ a -|- k^ a 


"i/f 


>/ 1 -h _ r>] 


/i 


(4-35) 

(4^36) 

(4-37) 

(4.3B) 

• (4*39) 
‘ (4*4«) 

* (4*41^ 


When F is at A, i.c. k — '-j — Oy i.e. at standstill 


<*“0) '2 


(4-42) 


At Ey when F coincides with Ey i.c. at synchronous speed 


— 

(A;=»l) 


cos a 


• (4-43) 


This is the minimum secondary current as will be seen clearly 
from Fig. 4.4, since OE is the shortest distance from 0 to AD. 
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The equivalent reactance of the rotor circuit {see equation 

(4-34)) 

^ - . (4.44) 


sin oc cos a 

The equivalent resistance 


sin a cos a 


^3 


I — sin^ a * * ’ * (4*45) 

Since the locus of the rotor current in the T-axis is a circle, it 
follows that the locus of the primary current is a circle, for the primary 
current will consist of the magnetizing current OM (in Fig* 4*6), which 

e 



Fio. 

is necessary to produce the flux ^ component, coinpoundccl 

with OMy ^vh^ch is parallel to the current in the i"-rotor circuit, 
and drawn in the opposite direction to and the magnetizing action 
of this component, flowing in the stator must equal the magnetizing 
action of /j,. This component is shown as AIP in Fig. 4.6. 

UP _ _ r V ro tor turns per pole (cfTcctive) 

^ ^ stator turns per pole (enective) ' ® t'l'T / 

At synchronous speed, the transformer flux and the excitation 
flux (l>2 are equal and OAI = MV. 

The ideal short-circuit current = OK. 

As the load varies, the locus of the primary current is the 
circle KPV. 





\^l All \' I 

(('/t/m) St^iTiURi r Koiok 

CapiU'itoi co])vci»u*titl> Ini.iird tlir iMoU'din^ (oiuluii l]i»\ 

1 1 ( j/ji/A'/iOifir / ffilru (.orfu of Anutmt) 

{I.QWC)) SiNtJU -iMiAM' Capauioh Moior Staior 

'J J)iH Im<[ a ca^i aluininiuin (aiit loiUrilutfal starling swiuh «iiii) MMlinl, pK'liibi icated 
hrariMKH. No(<‘ IjulniKc* 'tvasliuis on end miik 

{('ourtesv WtiUnt^housr EUiiru Carff of Auitma) 
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OP — primary current, and represents to another scale the 
fictitious flux linking the primary due \o current OP, Of this total 
flux linking the primary, the part Od crosses the gap and links the 
secondary. 

ad = rotor current referred to the primary, and represents to 
another scale the flux produced by the secondary current. Of this 
flux the part ab is secondary leakage flux, and the part bd or MP 
combines with OP to produce OM the resultant flux linking the 
primary winding, OM, 

The resultant of Or/, i.e. that part of the primary flux which 
crosses the air-gap, and da the rotor flux due to rotor current MP^ 
gives us the flux linking the secondary, namely Oa (j )^ — our 
transformer flux. 

The resultant of (f)^ and ab, the secondary leakage flux, gives Ob, 
the resultant flux crossing the gap and linking both ])rimary and 
secondary. bM parallel to OP and equal to dP represents the 
primary leakage flux, The vector sum of </; and bM gives < 1 )^, the 
flux linking the primary, to which the voltage — c, lagging 90" 
behind 0^, is due. 

Now PK is parallel to Oa or </jj, the transformer flux, and MP 
is parallel to ac. The triangles Oac and MPR' arc similar. PV k 
parallel to 0^, the excitation flux, and A.ICPV — /_KLM, 

The l\MPR is the AdOT^iu Fig. /I.4. 

PR — OA = CyP, PM — yg) ^ ^yr diawii vertically 

parallel to r/jg. 

The l^VSK — 2a, and since SK ™ SV ~ radius of the ciich', 
it follows that /_^KV =: /_SVK' — ^ ~ a, 

So the centre of the circle is found by drawing lines from A* and 

TT 

V, making angles ol — — a with the hoiIzmUal. 

Let ad (i^bd 
and OP ~ fifid 


Then ab (Fig. .].6) = (/ij— \)hd 
and be = bd — cd 



(T'IB) 


ab be — |^/?2 — bd = 

^ ^ Pi -ft a , 

cd ■“ I /3i / bd ~ ^ ’ 


7A— (r.sgt) 
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but from similar triangles Oac and MPK 

Qc _ MK 
ca MP 



Oc _ ca 
'MK~ MP 

OM 


ca 


^iMK ^yCd 

— — /? /? _ T 

MK~cd~P^^ 


If we call this ratio a, we have 


Since 


and 


OM 


VK " PK ~ 






1} 


(T + I 

MK 2a + I MV + VK MV 
VK~ a+i ~ VK “ ' TK 


= I + — ^ 

MV ~ MK^ MV " ^ VK^ ~MV 

2or + I (T + I 

^ cr X X — i— 

O' + I o' 

2(T + I . 


• (4-^19) 

• (4-50) 


• (4-5 i) 


(4-52) 

(4-53) 

(4-54) 

(4-55) 


• (4-5(>) 


(4-57) 


Also 


9Y 

OM 


MV 

om"^ 


Note that 


I __ 20 + 2 __ 2 (0 + 1} 

20 + I ^ “ 20 + I 20 -|- I 
MV _ I 
0M~ 20 + I ' 


(4-5«) 


(4-59) 


i.c» the magnetizing current for the excitation field demands an 
extra wattless current in the 3^-circuit of the stator = the mag- 
netizing current for (jy^ X — 
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‘ j usually small the magnetizing cunent for the single-phase 

induction motor is nearly double that necessary to produce At. the 
transformer field. 

Note, we have used for er here the ratio When considering 
the polyphase motor we used for a the ratio 

OM _ magnetizing current _ f,, 

OK ideal short-circuit current ~ 

We shall call the ratio = (Tj. 

OM 

rr,. OM OM OK ff. . _ . 


Then 


MK OK-OM OM I -a, 

OK 


(4.60) 


- = 7=^ ■ . . . (4.60 

Thus, if we desire to keep to our old definition, the relation Is 

1 - ffi 

u OM 

where tr = ^ 

, OM 

and 0, = -^. 


Finally, we have 




OV 

OM + Air 

OAI 

MV 

VK~ 

VK 

VK 

VK 


OM A/V 

MV 



AIV^ FA'’*' 

VK 



a 


a 


— 2(T + I X 


(T -j- I ~ <r + I 


cr + I 

Thus, collecting our results 
OM 


- {20- -h I + 1 } — 


a = /Si)52 - I 


(4.62) 

(4-63) 


where = stator leakage factor 
and /?2 = rotor leakage factor 

OAL 


MK~~^'~ I- ffi 


• (4.64) 
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, OM 

where 


MV 

V'K 

11 

Q 

- = . . 

•. (4-65) 

OM 

da + I 

+ I 

. . (4.66) 

MV " 

I - (Ti ' 

OV 

[ff + I 


. . (4.C7) 

OM ~ ^ 

\da + I 

/ I '1- <^1 

MV 

I 

_ I - ffi 

. (4.68) 

OM~ 

da + I 

I + CTj 

OV 

= 2cr = 

2ffi 

. . (4.69) 

VK 

I - (Jl 


To make clear these various equations, it should be noted that 


Pi 


and /?2 


OP _ total flux produced by stator current 
od ^ that part of the stator flux which crosses 
the gap and links the secondary 

ad _ total flux produced by rotor current 
bd ^ flux produced by rotor current which crosses 
the gap and links (he primary 




It will be abundantly clear now why the power factor of this 
machine is lower than the thi'cc- or two-phase motor 

We now have an additional magnetizing current MV^ which 
causes a raising of the dispersion cocflicicnt and as \vc iuivc seen 
this is one of the main causes of low power factor. 


FURTHER ANALYSIS* 

Consider a coil AB on the rotor, the plane of which makes an angle 0 
with the yY-axis at any time /, 

Let us consider two axes, viz, the A^-axi$ or transformer axis and 
the jT-axis or excitation axis. 

Let (j)^ == resolved part of the flux in the direction of the coil axis. 
Then (l)c — 0 *- ^htv ^ • ■ ( 4*70 

where t-hc rotor along the A'-axis . . . (4.72) 

~ rotor along the T-axis , . . (4 *73) 

* This analysis is fiotn a paper by ihc author in iUc Journal of the American Institute of 
Electrical Engineer Sy vol. 67 (194O) 
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The c.m.f. induced in tlie coil AB, due to variation of and 
^liV with time, and also due to variation of 0 widi time is obtained 
Ijy dinerentiating equation ( 4 . 71 ) with respect to time 


= a> cos 0<l>j{x + sin 


where co = 


(U 


-b sin Orl)jix' — Otfijiy' (4*74) 


The c.m.f. in the coil = — and the current in the coil 

111 this analysis, the flux linking the coil, is the resultant of the 
flux crossing the air-gap into the rotor and the leakage flux. In 
other words the leakage reactance drops arc taken care of, and the 



only vollage cln^p to consider is that used in overcoming resistance. 

; ™ rcsislancc of one coil, in ohms. 

The in.m.r. of the coil 

0-477/,. I\ .... ( 4 * 7 ^) 
/ j, Vmf/);. X- cos 0— t-os 0 sin 0 \- 

. . (T77) 

The I’csolvcd pari of/^'^ along the A-axis, which wc may call 

'' ^ -I- o4iiy Sin® 0 + sin® 0) . ( 4 . 78 ) 

To find the tola! m.m.f along the .V-axis, due to N.^ coils or 
ajVj rotor bars, wc miust sum up the m.m.fs due to these .Vg coils 
along the ..V-axis. 

Fnx = (^) [sin' 0[(o4>„y + j>nx} 

-}- sin 0 cos 0(o}(j}j^x — - (4*79) 
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(4.80) 


This is ihc m.m.f. along the A'-axis due lo all the coils on the rotor. 
Similarly, resolving 7 ^^ along the T-axis and summing up as before, 
over the coils of the rotor, we get 

^ItV = ' jqD,.* ' ’f‘RY'} • • 

FjiY is the m.m.f. along the T-axis, due to all the rotor coils. 

Let ^5 — then cejuations (4.80) and (4.81) may be written 

and ^^jtv — • • (d’^S) 

Let us call the flux produced in the A''-axis of the .stator (/>,^x’, 
this (j>sx is the transformer flux produced by the combined m.m.f.s 
of stator and rotor in the Z-axis, which is the magnetic axis of the 
stator. 


Let (figy = stator flux in the T-axis, i.c. the excitation axis 
and = rotor flux in the T-axis 

Then 

sm — X) 

R{l -I- (T, 


i>3Y — 


{(I -I- a,)k, co„s} + 


A' a 


+ [l -f- 2(r,. + -I- 

■ (d.«d) 


and tan X 


(i + gffr + 2(r, -I- 2 a ,<x,) a)o 
• "b <^r<^a + 




"•’) + ”* ’it"'') 

(4-85) 


where A = angle of lag of behind 

CO = angular velocity of rotor in radians per second 
cuo = X supply frequency 
leakage flux in rotor 
^ ^ useful flux in rotor 

leakage flux in the stator 
useful flux in the stator 


R = air-gap reluctance 
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Proof of the Equation for </)gy In Terms of fjigx 

Pjix ~ ~~ ~~ ' • • {4' ^2) 

and ^RY — ^z^^RX — ^z’htv' • • • (4-23) 

(/) f^x ~ stator plus rotor leakage flux in the JT-axts 

= ^SX^SX ~~ ^*RX^m • ■ • (4-flS) 

^sx = equivalent permeance of stator leakage path. 

Pr<a ^ equivalent permeance of rotor leakage path. 

Now i^casurcd along the /Y-axis will be negative, or opposed 
to 

^ ^}^SY + FiiyP iiy ^ <I>^Y + ^uy^rx • ( 4 *^ 7 ) 

=^+v™ (4.88) 

= (4.89) 


• ^hiY^ 

• • I 4- a. 


= F> 


RY 


~ Ffjx^RX Fnx^\x\ ~ 

{Fhx -I- Fix) 


^'fiX 


Ji<l>.x 

(l -I- 


I if.XJ f ^ ! ^ \ 

‘II 


/_. i SX 1 7/ n I jp 7j 

r-F7, == “ 'i' + cr; ^ ^ '■ 


(4-90) 

( 4 - 91 ) 

(4-92) 

f'z'htv' 

1.9 


k^(o 


— 7 ”jf^ i^R ^V/>/er ' (4*94) 


Note 


-I- {a, CO J + k,co F,,x - khn' 
FsxR — O’, and P,Ji = cr, 


<hn'F Koi^iix I f;. I I ,, 

r+T, = TT^ + r>“ yl + *•" s| 

{ — k^Oi^RY — ^Z^Rx'^ k^^KY 
— “ ^'I^RY ~ ^‘I’Rx' ~ ki^Rv' 


( 4 - 95 ) 

(4-96) 

( 4 - 97 ) 

(4.98) 


96 

where 
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A = . . . 

B ~ k^oi 
B 


[AaCOff, 


R 


R 


C 


(0 


• ( 4 - 99 ) 

(4.100) 

(4.101) 


VIZ. 


Now substitute the value oIl<I>i^x (derived from equation (4.O3)), 
hx = TT + equation (4.83)) 


k^co (o 


I / _ ‘t>Rr'^ I ^nr" 

rRX (i -f- 0^)(X:2a)) (o 


(l -|- <ff)k2(0 0) 

if- • • (d-ioa) 

Therefore, equation {4.100) becomes 

+ 'hir' + *«) + (tTF, + 

-[®‘+ bfik) +*•) ^+(r|7.+^); 


•'• ^KY 




CD^ -V ^ H- k^o^ D - 1 - B(o 

\k2{l + ff,) ^ 2 / ' I + (T, ' 


'/>«!• { 4 -JO'j) 
(4.105) 


here (/>' ~ 

(jy^x assumed to vary sinusoidally, 
be. (I)f^x ~ ^l^sx sin coq/ 

, Sin co^t 

9jiV ^ n / nn^ “ " ' 

-Z)2 


9.^1. 

A o}A 


k^OD 


■'■ A] 

" + 2( 

I'aWff, 

k^oioA 

R 

+tJ 

k^oy X CO 


B(n 


kiiOf + ffrff, + ff,} 

R 


(4.10G) 

(4.107) 

(4.108) 


Now 


Plate \^n 

{Uplter) Single-phase Motor Type GAP 

{CouTltsy WaUnghousi! Electric Carp, 0/ Anierua) 
(Lower) Splasinproof Type Life-line Motor 

{Courtesy Westinghovse Electnc Corp, of A mrrtca) 





THE SINGLE-PHASE INDUCTION MOTOR 97 

Now '^<0- = ■ • ■ (4-'09) 

'htr can be obtained in the usual way by solving the second-order 
dilTerential equation (4.106). The solution is given in equation 
(4.84). 


It should be noted that 


and 


_ leakage flux in stator 

’ ~ ~ useful flux in stator 

_ _ leakage flux in rotor 

~ r — useful flux in rotor 


Both ffj and cr^ arc small, so their products and squares can be 
neglected. 

Under this assumption, 

Wr + 0's) ~ " 0 *) ]f ^'1 + [ I + + 2<TsYo)f)^ 

" . . (4.110) 

(l + 2OV + 2^0 


and 


tan I 


(Or + 0,)(fl>2 — Wo'^) ^ ^ (l +0,) 


• (4-ii0 


In order Co predict the performance of the motor, wc need to 
determine the magneto- mo live force in the A'- axis of the rotor and 
also the m.m.f. in the l-axis. From the mnn.f.s we shall be able to 
determine the stator and rotor cui rents. All these quantities will be 
determined in tcims of which is determined also from the 
applied voltage and frequency. 


Determination of the m.m.f. in the X-axis of the Rotor, F 
l<'nx=-kMuy-k 4 iiX ■ • • 


•= — /TaCo 




■ • (4-1 >3) 

since Fiiy' = 

F,>^- — — k^a){i + (rr)^sv Z ... • ( 4 -” 4 ) 




CO 




98 THE jmUCTIOM MOTOR 

Equation (4.115) may also be expressed thus — 

Fn^ = [~k,oy\i+a,)~RD-k,{i + a,)D^]'^-f- (4.116) 

where for is substituted its value given by equation 
The rotor current is determined from the m.m.f 


Determination of the m*m,f. In the X-axis of the Stator 

We have <l>sx = — ^ + Fjg^Psx • • (d-u?) 

i.e. the total flux in the Z-axis of the stator is equal to the flux in the 
Z-axis, which crosses the air-gap, plus the stator leakage flux, Fj^x 
will be negative in any numerical example. It is the component of 
the rotor m.m,f. measured in tht positive direction of the Z-axis. 

■ . . (4...11) 

since RPgx ~ o’, 
but 

<f>SX — I ( I + <^r) (o'r + + ^$) ]|| 

+ -0(i + 2cr^ + 2ff, + 2(r,(rj) ^■^(* ‘^•'>'1' 


0) 


and 

Fgx = F. 


flO 


R 


(coM-^®)(2<rr+ i) , , . ,R 

2 jD(i +or,) 


R 


a> 


( 4 - 1 ' 9 ) 
(4.120) 


(j>sx sin {(Opi — a) 


|(cr,+ or.)(a,*-o| + ^-^rH-{l -1- 2U,+ 2U.P.V 

. . (4.121) 

where pgy is substituted in terms of equation (.j.! lo). 


Determination of Terms of the Applied Voltage per Phase 

Let y = F sin + i) = applied volts to stator per phase 
jV*! = number of turns in the stator winding per phase in series 
ki — breadth factor for the fundamental 
Aj = coil span factor for the fundamental 
7 = r.m.s. value of current in the stator 
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For a single-phase winding, the amplitude of the m.m.f. wave in 
ampere-turns 

^sx ~ X ^1^3 X . . (4.122) 

where p = number of poles 


Now will be obtained in the form siii H” 

^ cos COfl< i^S^SX (*''^*0^ ~H ^)P 

0® ' 


R, = stator resistance per phase. 


( 4 . 123 ) 


Let 


10“ 


and 


then 


R,ap 


i-QNi X ki X ky 


~ $sx\{‘^ "I” f^) *^os (0(,t -)- d cos p sin oi^l] 

= '?4fA'[/cos eV -I- ^ sin Wo/] 


(4.124) 
( 4 - 125 ) 

V — C$gx COS (OqI -\- d$sx **0 (Wfl/ + P) ■ ■ • . (4.126) 

= c$ijx cos Wq/ -|- d<l>sx S’o coo< cos P d<l>ijx cos (0^1 sin p (4.127) 

(4.128) 
(4-129) 

( 4 'i 30 ) 

( 4 -J 30 
( 4 - 132 ) 
(4-133) 
(4-134) 

(4-13.1) 

(4.136) 

(4-137) 
(4-138) 
( 4 - 139 ) 


where 

and 

Then 

where 


and 


and 


y* = ^ -I- (I sin [} 
g = d cos p 

V ™ sin {(0^1 < 5 ) 

k cos 5 ^ g . 
k sin (5 ^ * 

k = 

f 

tan (5 == - . 

_ g 

k ~ V d'^ cos® P -|- c® -|- 2cd sin p + d^ sin® p 
C + d .sin p 

tan d = . . 


Now 


fsx — 7- 


f V 


k Vc^ + d^ -f- 2 cd sin p 
where ^ — tnaximum value of V 
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We thus have 0 ^^ determined in terms of V and also its phase 

angle S with respect to V, All the other quantities arc determined 
with respect to $sx- They are, therefore, known and their phase 
relations^ The m.m.C F^x known in terms of (l)sx ^^^d its phase 
relation. The stator current is known, and its phase relation. 
(jijiY is known, and Fj^x ^^^d ^RV are known, and, therefore, the 
rotor currents in the X- and 3 ^-axcs arc known. 

Since all quantities arc known in terms of <l>^x> ^^td ks known 
in terms of V, the whole characteristics of the motor arc determined. 
Wc may now set out the vector diagram (Fig. 4,8), 



™ flux in staloi in th(‘ 
A'-axis, which is iho 
.stator axis 

Fnx ” m.in.f. ol stator 
“ cun cut in stator 

]*^s “ hade c.m.l. in statoi, 
90'’ belli lul i/>AA 
V — supply volts, and 
Fit\ = ioU)i iri.in.i. 


The following test results on a three-phase machine nmiiing 
(a) as a thicc-phasc machine, and (/>) as a singlc-])htisc machiiu' arc 
of interest to the student. 


CHARACTERISTICS OF A SINGLE-PHASE INDUCTION MOTOR 
Test Machhie, Brook motor. No. 38496. 

220 V Speed i20or.p.m. 

10 h.p. Cycles 60 c/s 

Length of Prony brake arm =: 30 in, 

EfTcctive weight of Prony brake arm = 4 lb. 
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Observations — 


Three-phase Operation 


Volta 

Ain- 
pci es 

Kilowatts 

P.F. 
Cos tf> 

R.p.m. 

Load 

Torque 

lli-ft 

H.p. 

EfRct" 

cncy 

{%) 

Losses 

Watts 

Slip 

(%) 

Wx 

\yt 

m -h Wt 

W 

S 

Net 

aao 

ao‘a 

G*6o 


10*15 

0 O9 

1130 

22 

4*5 

ai*3 

53*0 

11*70 

86*0 

1420 

4* so 

a, 10 

a<fa 

5'Co 

Q'tio 

0.40 

0 O7 

t iCo 

lU 

4a 

178 

44*0 

9 75 

86*5 

iiao 

3*10 

an 

ao‘0 

4 Go 

I 06 

C»5C 

o‘fia 

1170 

14 

3'9 

14*1 

35 0 

7*76 

Sg3 

7G0 


aia 

iG'4 

1 71 

I 'as 

5‘00 

0 75 

1 lOo 

10 

3 3 

10*7 

aC'S 

5 D4 

88 6 

5G0 

I <66 

aia 


a’OO 

o-flr> 

3'45 

0*64 

1187 

6 

Q'fi 

72 

i8‘o 

404 

87 3 

430 

I 08 

a 13 


a oC 

0 00 

s 06 

0*50 

HQ5 

a 

a 1 

3 g 

96 

a 19 

79*2 

420 

0 4S 

an 

»'0 

1 11 

— O'Cyf^ 

030 

0 16 

taoo 

0 : 

0*0 

40 

08 

a*20 

0 0 

“ 

0 00 


Single-phase Operation 


Volts 

Am- 
pul US 

Kilowatts 

P.F. 

Cos tf> 

R.p.tn. 

Load 

Torque 

Ib.ft 

II.p. 

Efiici- 

cncy 

(%) 

Losses 

Watts 

Slip 

(%) 

W 

S 

Net 

234 

iG 3 

a-to 

<>•540 

lino 

a 

2*25 

3 75 

9 26 

2 I 

n-fi 

530 

□ 83 

ana 

aa 3 

3 10 

« 715 

1 iB'j 

6 

2 90 

7 10 

t7'8o 

3 9 

80 0 


1-25 

232 

0 

138 

0 800 

ti8j 

10 

3 Go 

10 40 

25 70 

5O 

77 2 

ratio 

I 58 

331 

i|I*2 

7 80 

0 flao 

I I'jO 

14 

4 [0 

J 3 90 

34 30 

rs 

71 8 

2100 

4 17 

231 ; 

38 2 

0 90 

0 8a 1 

1155 

12 

3 Go 

I a 40 

30 60 

6 7 

730 

i860 

3 75 

232 

aG a 

4 7 'a 

o <773 

I 170 

0 

3 10 

8 90 

aa 00 

49 

77 5 

to6o 

2 50 

233 

JO I 

a 90 

0 C55 

I 163 

4 

a 50 

5 50 

13 Go ' 

3 I 

79 0 

610 

I 25 

21a 

i-i a 

0 40 

— 

[200 

0 

0 00 

4 oa 

990 

2 3 

0 0 




Calculations 

Case 1 

Torque = (3o){,l){22 — 4-5 + 4) 

ToUil losses — input — output 

10 150- (ii 7){7‘16) 

„ . output (117) (746) 

Percentage ellicicncy = ^ ^ ' 


^ 53 

1420 W 
^ 86 per cent 


synchronous speed ac tual speed 
Pcrcciilage slip — synchionous speed 

1200 — H50 
1200 


= 4' 16 per cent 


From graph (Fig. 4.9) — 

Losses when run as an induction motor (three-phase) 

atioh.p. ^iiooW 

Single-phase output with the same loss (Fig- 4‘*o) = 5'r h.p. 

The characteristics of the motor under various conditions are 
shown in the graphs of Figs. 4.9, 4.10. and 4.1 1. 

8 — {T,59 i) 










Fio, 4.1 1, Torque and Power-pagtor GiiARACrERtsTics por the Sinole-piiask 
Induciion Motor Operated under TuRUi^niASE and 
Single-phase Conditions 



CHAPTER V 


The Two Revolving Field Theory 


This theory is based on the simple conception that a pulsating 
sinusoidal wave of flux or m»niT, can be resolved into two rotating 
waves, each of half the amplitude of the pulsating wave, and rotating 
at synchronous speed in opposite directions. 

Thus, consider a coil, or several coils, constituting a single-phase 
winding, and carrying alternating current of frequency / 

The m,m,C curve of such a winding consists of several rectangular 
waves, displaced in space by the slot-pitch angle. The resultant 
wave, for the phase, is a stepped rectangular wave, which can be 
replaced by a series of sine waves of different frequency. Confining 
attention to the fundamental wave of flux density in the air-gap, due 
to the fundamental m.m.f, we have 

= a Va/ sin sin a; . . . (5.1) 

This is a wave distributed sinusoidally in space, as shown by the 
factor sin Xy and the maximum value, in space, varies, also sinu- 
soidally, with time, as shown by the flictor sin o)t, I’his curve remains 
stationary in space, but its values over the pole pilch pulsate, but 
still remain sinusoidal in space. 

Now sin wt sin a: — i|cos(A;~ oH) — cos(,v + o)t)\ , (^3.2) 

I 

/. B a-y [cos(jc:“- (oi) — cos(a: -f • • (5*3) 

V 2 

Equation (5.3) rcpicscnts two rotating waves, each having half 
the amplitude of the pulsating wave. FjckIi of these rotating waves 
will generate e.m.fs in the rotor. At standstill the c.m.fs will pio- 
duce currents in the rotoi which produce equal driving and icLardiiig 
torques, so there is no stalling torque. JfLhc rotor is given rolaliou 
in any given direction it will continue to run in that direction. If oy 
is the angular velocity of the rotor, and ojq that of the rotating 
fields, then the relative angular velocity of the field and the lotor, 
for one wave, is Oq — w and the relative angular velocity of tlic 
second rotating field with respect to the rotor coq -1- ai. 

The slip of the rotor with respect to the field running in the 
same direction as the rplor 


COq — 0) 
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The slip of the rotor with respect to the field which runs in the 
opposite direction to that of the rotor 

_ COo + O) _ ft>0 -|- <^o(l — -y) 

~ fl>0 Wo 

— 2 — J (5.6) 

Clearly the slip of the rotor, with regard to the reverse field, is 
nearly 2 for the normal range of operation of the motor. The 
resistance corresponding to the rotor input in the equivalent circuit, 

T T 

namely — for the forward field and - for the reverse field, shows 

at once that the rotor input of the motor, for the reverse field, is 
small compared to that for the forward field, and the torque is a 
retarding torque due to it. 

The behaviour of the motor is similar, in some respects^ to two 
polyphase machines, whose stator windings arc in series, and which 
have the same rotor, but the connections of the second motor arc 
made in such a manner that the fields rotate in opposite directions 
in the two machines. This representation is not true to the facts, for 
in a polyphase machine, the torque is a constant torque, whereas in 
the single-phase machine, the torque is a pulsating torque. It will 
be clear also that the forward rotating field absorbs the larger share 
of the supply volts — ^in fact, much the larger share. Since the slip 
for the reverse field is 12 — it follows that, for this field, llic machine 
acts as if it were on short-circuit. The effect of this field can be 
taken into account by an increase in the primary leakage of the motor. 

Let V — applied volts — vector of reference = V (Lig. 5.1) 

= stator resistance of running winding 
= stator leakage reactance at supply frequency 
= stator current 

/g' = rotor current, referred to the stator, due to forward 
rotating field, i.e. the field which rotates in the same 
direction as the rotor 

hn == I'otor current, referred to the stator, due to the reverse 
field 

= reactance of the magnetizing circuit for each field at 
full supply frequency; note this is one half the reactance 
of the pulsating field 


Then 


V (ri + /i) -\-Pni{hu + ^) 

This is the equation for the stator. 


( 5 - 7 ) 
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For the rotor, we have 


^ j V + /a') == 0 

j ^312 + hn) ^ ^ ■ 
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(5.8) 


(5*9) 


where r2 and are the rotor resistance and reactance, referred to 
the stator, divided by 2, 

Equations (5»8) and (5.9) refer to the rotor circuit voltages for 
the forward and reverse fields respectively. 

From equation (5,8) we can obtain in terms of and from 
equation (5,9) we can obtain in terms of 

If we substitute the values, so obtained, for these quantities in 
equation (5.7)5 we have a relation between V and from which we 



Note : 

ri ^ roior resistance 
referred to stator 
2 

xi = rotor leakage reactance 
referred m stator 
2 


can determine and its phase relation with respect to V, Then 
from equations (5.8) and (5.9) we can also obtain and in 
terms of and hence in terms of F, and also their phase angles 
with F. 

Inspection of equations (5.7), (5-8), and (5.9) show that the 
equivalent circuit for the single-phase motor is as shown in Fig. 5.1. 

From equation (5.8) we have, neglecting 




■jxJi 


■y +j(V + ^m) 


(5.10) 


and from equation (5.9), we have, 

I / _ 

'22? — y / 


2 — S 


+i(-V + *».) 


• (5-1 0 


io8 


Therefore, equation (5.7) becomes 

V - ih + >l)Jl + f 
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+i(^V + 






?iTV 


2 ~ f 


'I'^'iu) 2 ZT j "f' '*^m) j 

A'j\Xi + 2.V.,.)J 

i!± 

s' (aV-I - x,,,) 

'\2 /k'\^ 


_X,a% _ 

+ -1- A-,„) 


(5‘12) 




r, - - 


(r)-i3) 


+ 




_'H 'V) -l-ifv; I 2V 

(j^) +WH-*.)’ (j-1-7) +W-I -v.)' 


V=.IJt+J,l] 
V 


h 


t- (l~ ' 


2 y. 


A'../ 


•4 .S 


where c •= h-i-TT^l *'7T^ 

[~lj I (V 1 Aj* I (V./ I -vj^ 


and 

d = ATi -h 2.V„ 


.. ■'■./(•v/ -f A-,„) 


and 


lau c/)^* 


From equation (5.10) 
-jxJi 




-l-i(.<2' + *.«) 


• (5'H) 

• {r>'>3) 

• (n-'h) 

• (f)*!?) 

• (fi-'M) 

• (5- 19) 
■ (5'20) 


* (ft I angle of lag of Jj bclnnU V 
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-JXm 


X. 


-I- xj 


'ic-\-jd) 


- Vjx„ 


f,' 


and L 


Also I ^11 


^ ~ (l{Xi -I- ^C,„) +j {“ H- c{x^' -I- *„,)j 
Vx 



-I- cix^' + -hi 1^- -I- xj 

Vx„, 


+ c(x2' + a;,,,) j -h - d{xz' + .r,,,) j 

-J 3 n[i 

-hjW -h x,„) 


2 — J 
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f 5 > 2 il 

(5-«2) 

(5*23) 

( 5 ' 24 ) 


■jx„ 


X 




2 — S 


. 'X 

d{x./ I x„,) -|-i(r(.V 2 ' -|-a:,„) -t 


_d >2 
2 — ^ 


L 


2 /f 


a: V 

d>,' ' 

2-.tJ 



V K 



d>'ij 


2 — .»J 

[ ' l2-» 


• (5-25) 

• ( 5 ' 2 li) 
j- (5-27) 

(f)- 2 ») 


Note that when s - 1, i,c, at standstill 

I ' t * 

'2 " ' 2 /^ 

and tlic torques due to the two cun cuts arc equal and opj:)()sitc, 
since the field ]>roducing rotates in the opposite direction to that 
producing /g^/. Thus, at standstill, the torques arc equal and 
opposite and there is no starting torque. 

When j == I, neglecting iron loss, that is neglecting 

7 ' _ (^*2 „ 7^ 2 ^»» ‘^'2 

^ ~ -1- j(^a' -i- ^m) h' +j{>^2 -1- ^V,n) 


• {5-29) 
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rg-i-jW + ^m) 


■ (5-30) 


— ^2 ^2 ^m(^2 " 1 “ ^m) "I" ^2 ^m (^2 ~t~^Bi) / - „ , \ 


and Zjj,' has the same value al j = i. 

So that at standstill 

, L 

‘ h + 2Z2' 
«•=! 


(5-32) 


where 

and 


^2' niay be written e +i/j 

y2'-V2'A;m -I- ?'2'^».('*2' + ^m) 

(r2')^+(^2'+.0* 


and 


and 




_ (^a )^^in ^m) 

(»2')^ + h' + xj^ 

, = I 

(.=\) 'l -|->1 + 2tf + 2 jf' 



“ ?1 + 2fi + 2/) 

F 


(•=1) V (r] +'2e)2 -I- (.v\ + 2/)« 
/ ^1 -I- 2/ 

tan (k.. = — ; — 

t'l - - 2e 


• (5-33) 

• (5-34) 

• (5-35) 

• (5-36) 

• {:)- 37 ) 

• (r). 3 «) 


Equation (5.37) gives the short-circuit current and cqiuUicni 
(5,38) its phase angle with respect to V. 

Now look at Fig. 5.1 and note that JZ2 ^2r change values 
when i* = 0 and when s ^ 2^ so that the primary current is the 
same when j = 0 and when s — 2. When .y = 0 or j = 2, by 
substituting in equation (5.14), we get the stator current and its 
power factor. 

Thus, .y = 0 or = 2, 


V = (rj +>i)/i + ajxJi + 




'\a 


+ (^2' + ^m)“ 


• (5-39) 
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At J = 0 or j = 2, 




2!i. 




-I- K + 


-i-i 


O V 4- X — - - 

I /y '\ 2 


(y)'+ (V-Mm)'*. 


= -l-iA) • 


where 


and 


«“'*+7;7 


A — •; /X 2 


(^)'+ (V -I- ’ 

H~ ^m) 




+ 


and 


(«=.0m«-2) Vg^ -|- 
tan <j> == - . 

(s^-Oor^^a) S 


(540) 

(5-41) 

(542) 

(543) 

(544) 
{543) 

(r)-46) 


With Lite rotor circuit open at s -= o, 

I- ^ 

^ '/tl + {Ah -i- 2A,„)“ 

The ratio of cciuations (s.-jh) to (54‘l)> 

primary current when rotor is open when j = o — £ 
primary current when the rotor is closed 2 

The value of /i when s co, 

Nmt -U l(y. 4 - OA- 4 1 (5.47) 


v= 

(»•» «0 


' ^ V 4 - 'a^ " + .V„. J 

V 


^2 n 


h =-T-— y 

(-») y,^a+(, 


' Aj -f- X„f) 


Xi + iX, 


■ (5'48) 

• (549) 


and 
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and 


tan — 




■ ( 5 - 5 “) 


Thus, we have determined points on the current locus for j = o, 
j = CO, J = I, and s — i and the phase angles made by the current, 
at these points, with respect to the applied volts, 

By the Principle of Inversion, our equation (5.14) can be shown 
to represent a circle, for it is of the form 

/j C' -|- Ds{z — f) 


V, E -|- ft (2 ~ s) 


( 5 - 5 1 ) 


where C, Ey and F are complex constants and ^ = slip of the 
motor with respect to the forward field. 

We may obtain all the information wc require about the per- 
formance of our motor from the equivalent circuit shown in Fig. 5.1. 

Thus, the torque in synchronous watts = input to the rotor. 
The torque in synchronous watts 

- WY’i - (hiiy ■ ■ . ( 5 - 52 ) 


The term — represents the forward torque in synchronous 

s 

r ' 

watts and represents the backward torque due to the 

reverse field. 

The torque in Ib-ft 


7-04 

r.p.m.syn 



(.' 3 - 53 ) 


where r.p.m.syn = synchronous speed in revolutions per niinutc. 
The gross mechanical power in horsc-power 

_ a 77 r .p.m.sy,i(i-,?) X 7-04 ,r \ ^ 

r.p.m.gyn X 33 000 s ^ ^ a — 4 


746 


ih') 


i'A. 




h.p. 




It is interesting to note that the copper loss in the rotor, due to 
hit) viz. is greater than the electrical input to lire rotor 

fiom the reverse field. It follows that part of the coj^per loss must bo 
supplied mechanically, i.c. the difference between {h,tyia and 
} * 

must be supplied mechanically through the sliaft. 

It will be clear, from inspection of Fig. 5.1, that the impedance 
Zjl, for the normal range of operation of (he motor, is very much 
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greater than so that most of the voltage is impressed across Zz> 

in fact usually only about 10 per cent of the voltage is impressed on 

T ^ , 

^Iso the impedance of is nearly equal to — \-jxz 

for normal values of the slip, for 


'an 


-l-iv) (>„.) 

H- i(«a' H- «m) 







^2 "I" '^711 



(r r^\ 5-2. "JoRQim/Sidi* 

* \D*0// CUKVIi I'OR J3imiRKNT 

VALUhs ov Rotor 

Rl'SlSTANOli 


T 

and since is much greater than also much greater than 

r ' 

x^y it follows that Zg;/ is nearly equal to so it follows 

that the performance of the motor in the usual range of operation 
can be determined approximately by increasing tlie leakage 

T ^ 

impedance of the stator by the amount ^ + jx./. 


Effect of Secondary Resistance and Reactance on the 
Torque/Speed Curve 


In the polyphase motor the maxinuim torque is imlcpeiKlcMit of the 
rotor resistance, which is only cHeciive in detet mining ihc sli|) at 
which maximum torque occurs. In tlic single-phase inotoi, (he 
secondary i c.sistancc not only dctci mines tlic sli|j loi maxiinuni toi (pie, 
but also determines its magnitude {see Fig. 5.2). 

This can be clearly seen by inspecting equation (r).f);5)> which 
gives us the torque in synchronous watts, 







Now I2 is given by equation (5.23) and /g// by cqu.ition (3. 28). 

If these values aic substituted, and then the expression dillereiui- 
atccl with respect to .$ and equated to zero, we shall get the slip (oi 
maximum torque, and then by substitution of this slip, we shall 
obtain the maximum torque. We see that the maximum torque is 
reduced by increasing the secondary resistance. Also at low values 
of the slip, the value of is nearly and this is in sciies with 
the forward impedance and reduces the maximum torque. 
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Iron Loss in Single-phase Motors 

In Fig. 5.1 these losses arc represented by a resistance r„, inserted in 
series with the magnetizing reactance If the impedance of the 
magnetizing circuit is represented by = r,„ +jx,„y then the 
admittance of this circuit 


JXm 


f'm +JJ(„ 






(5-58) 


where = conductance of the magnetizing circuit 
and — susceptance of the magnetizing circuit 


K, — 


Sm 


+ Kn l> 


2 — *.« = 


a -L 


h 2 


( 5 - 59 ) 


The current in the magnetizing circuits 

= volts across Zm X (^fm —JK) 


If W{ = iron loss due to the flux, 

*«» ““ 


where E = r.m.s, volts across Zm 

There are, of course, iron losses clue to each of the rotating fields, 
so it will be necessary to calculate the voltages across the two 
magnetizing circuits in Fig* 5.1. 

We have already obtained expressions for and so those 
voltages are 



The iron losses arc determined from the flux densities in th(' 
various parts of the machines, and, of course, these arc dctcnniiicd 
by the fluxes and areas of the parts. The fluxes arc deter mi nod 
from the voltages across and in Fig. 5.1. Again iron-loss 
curves, appropriate to the frequency, must be used, The iron loss 
in the rotor must also be evaluated, and this is fairly large due to the 
reverse field. The current at zero slip is given in equation {5.4/1), 
If the no-load current is measured, it is possible to obtain an ajDjn’oxi- 
matc expression for Otherwise, it may be obtained from (he 
expression 

T y. L jV^ 

” 3’2 X — ^ — X y -y X f X I0“® ohm . (5.60) 

where r = pole pitch in centimetres 
L 5= core length in centimetres 

d == air-gap length in centimetres, corrected for slots and 
saturation 


and 
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^ breadth factor and coil-span factor for the 

Stator Winding 

H = total number of turns on the stator for running phase 
/= supply frequency 
p = poles 


Referred Quantities 

In Fig. 5.1. all quantities aie referred to the stator. 

If — actual resistance of the rotor 
7*2 = rotor resistance, referred to the stator 
X2 = rotor reactance at supply frequency 
^2 == rotor reactance, at supply frequency, referred to the stator 
and 7 ) 1 ^ = number of rotor phases 


Then 




where JV^ — turns per phase in stator 

K 1 = winding factor for stator = breadth factor 
factor 


• (5‘6i) 


X coil-span 


and ^ number of turns per phase in rotor 


Also 


^2 


± (Mi]\ 




where K2 — winding factor for the rotor 
For tlic squirrel-cagc rotor 

number of rotor bars 


nin = 


and 


pairs of poles 
A*2 “ i > A2 = I 

/?2 oA^2 A 2 


= 4 X 


(r^ferrtsi 

current) 

I ' - 
'2J? - 

(referrod 
current) 


/, 


2/t! 


X 


NiA\ 


■ (5.62) 


• (5-63) 

• (5-64) 


All the quantities in Fig. 5.1, can now be determined. Given an 
actual motor, 7,^^ and can be determined from the no-load test. 

It has been demonstrated that the single-phase motor, unaided, 
has no starting torque. There are several methods adopted to make 
it useful as a motor. 

The most common method is to use a second phase, known as 
the starting phase, and to ensure, as far as possible, that this starting 
phase shall have quadrature relation in space, i.e, it shall be displaced 
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by 90"^ from the running phase, and further that the currents in the 
running and starting phases shall be displaced in time by 90®, or as 
near 90^ as possible. If true quadrature relations are maintained in 
both space and time for the two phases, and if also the ampcrc-tuims 
for the two phases are equal, then a true rotating field will be pro- 
duced of constant amplitude, and constant speed. Since both 
running and starting windings are fed from a single-phase supply 
source, some form of phase splitting device is necessary. This can 
be done in various ways. 

In one very common method used, the running phase occupies 
two-thirds of the slots per pole, and the starting phase the remaining 
one-third of the slots. The turns per coil in the starting phase arc 
made double those for the running phase. This gives the same 
number of turns per phase for both phases, but the reactance of the 
starting phase is double that of the running phase, for the reactance 




of each coil, for the starting phase, is four times that of each coil in 
the running phase, but there arc only half the number of coils in the 
starting phase, and so the reactance is doubled. One tries to make 
the reactance of one phase high and the reactance ol’ the other phus{' 
low, and by adding resistance to the low reactance phase, one 
approximates to the condition for a time pliasc dlsplaccincnl of' tlu' 
currents sufficiently great to produce the starting torque ic([uir('(L 
If there is inequality of ampere-turns in both phases, and a plias(' 
displacement of less than 90° in time, then an elliptical field will bc' 
produced, rotating at a variable speed. For tiic analysis ol’ sueh a 
motor, the methods of symmetrical components is ncecssajy. 

The starting torque in such a machine will be proportional to Ihv 
product of the fluxes produced by the two phases multiplied by tlu' 
sine of the angle between them. This method of pliasc splitting is 
only used in those cases where the starling conditions arc easy, i.c. 
light load or no-load. 

Sometimes a three-phase winding is used, with two of the j^hascs 
connected in scries for the running phase. The third phase is used 
for the starting phase. This method is shown in Fig. 5,3, 

Fig, 5.4 shows the relation of the currents in the running phase Ij^ 
and in the starling phase 

In the fractional horse-power field, split-phase motors arc used 
from about Jxr to Jh.p., and usually for speeds of 2890, 1430, and 
960 r.p.m, for 50 c/s, and 1425 r.p.m. for 125 c/s. 
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Capacitator-start Motors 

In all these machines a squirrel-cage rotor is used and a capacitor 
IS used in the starting phase, as shown in Fig. 5.5. 

The relation of the currents in the phases to the supply volts is 
shown in Fig. 5,6. The current in the running winding lags the 
supply volts by the angle the current in the starting phase leads 
V by <j)y Then — 9^"^ by adjustment. 

This method is used in the smaller sizes of from ^ to f h.p., and 
up to 10 h.p. A centrifugal switch is usually fitted, cutting out the 
starting phase when up to speed. 

With this method of starting torques up to 350 per cent of full- 
load torque arc obtained, with a pull-out torque as single-phase 



motor of 250 per cent. The size of capacitance required varies with 
the output, being about 80 jiY for J h.p. to about 350 for i h.p. 

In some cases, the motor runs with the second phase and capacitor 
pcrniancntly in circuit, i.c. as a two-phase unbalanced motor. This 
is the case in machines operating dental lathes, and in other applica- 
tions. In this case a small capacitance is necessary for good opera- 
tion, varying from 3 to qo ^F. The starting torque is only about 
50 per cent of full-load torque with these low capacitances. 

The electrolytic capacitor is used for starting purposes, but for 
running purposes, paper capacitors are used. These, oil insulated, 
paper capacitors arc bigger and more e.^pensive than the electrolytic 
types. 


The Motor with Capacitance In Series with the Auxiliary 
Phase Vector Diagram 

OA = voltage across the main or running winding (Fig. 5.7) 

E^i := OC = voltage component to overcome the back e.m.f. in the 
main winding 

CB 1= voltage component to overcome the leakage reactance drop 
of the main winding 

BA = voltage component to overcome resistance drop in the main 
winding 


9-(T.500 
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Ea = OD = voltage component to overcome back c.m.f. in slartinsr 
winding 

DE = voltage component to overcome resistance volts in starting 
winding 

EF = voltage component to overcome leakage reactance drop in 
starting winding 

FA ~ voltage component to overcome the capacitor reactive drop 
in starting winding 

hi = current in the main winding ' 

Is = current in starting winding, in quadrature with hi 
= OF — voltage across the starling winding 



The number of turns in the windings may not be equal, but the 
motor should act as a symmetrical two-phase machine. To that cud 
the currents must be in time quadrature, and further the cfrcctive 
ampere- turns of each winding should be equal and in lime quadra- 
ture. When that condition is satisfied the fluxes will be equal and in 
time quadrature, and it follows that the resistance and reactance of 
the auxiliary winding, when referred to the main winding, will be 
equal to those of the main winding. 

Thus, r/ = resistance of auxiliary winding referred to the main 
winding 

== r, X == 

If Tj = number of turns in main winding 

h — number of turns in auxiliary winding 

fi X breadth factor x coil-span factor for main 
winding 
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/a == A'a X ^4 = breadth factor x coil-span factor for auxi- 
liary winding 

hr — current in main winding 
and ^ current in starting winding 

^ f\ ^ X A 


Then 


7 f 7 

Asr ht X ^ X a 


• (5-65) 


Since the ampere-turns arc equal, the fluxes are equal and the 
back c.m.f.s of both windings are proportional to the number of 
effective turns, 


* p ^8 7^2 X /a I 

^.u“7-iX/i"a ■ 

• (5-66) 

II 

■ (5-67) 

and, of course, is in quadrature with 


Also a;/ = 

. ■ (5.60) 

For this balanced condition, neglecting the loss in 

the capacitor^ 

^ nni 1 

a - —y^-co{.(l> . 

■ ( 5 . 69 ) 

for Vjfi and V<^ arc in cfuadraturc. 


Also FA cos c/j = Vjt = V 

• ( 5 . 70 ) 

IifXg cos ij) -■ V 

ImA\(x. cos <I>= V 

• (5-70 

V 

• (5-7^) 

-To = - r ■ / • • 

° 0.1 cos <l> 

b„, ^. = S • • 

• (5.7'l) 

I V 

• (5-74) 

C(l) 0.1 y cos ({> ’ 

^ ol^ff cos (j) al^i cos <l> 

• ( 5 . 75 ) 


Thus, the capacitance in farads, for an cflcclive turns ratio a, is 
given by equation (5.75). 

The current is obtained on the bivsis of a symmetrical two- 
phase system, 

b.h.p. X 746 


i.e. 


2 X K X cos i/> X efliciency 
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It is clear, from Fig, 5,7, that this ideal condition exists only for 
one load, preferably full load, and that any change in current, due 
to load changes, will upset the relation between ttnd for the 
line FA will alter in length. 


Analysis of Operation of Capacitor Motor under Unbalanced Conditions 

We have seen earlier that the m,m.f, of a single coil on the stator, 
carrying a sinusoidal current is rectangular in shape. We may 
replace this rectangular wave by its fundamental sine wave and its 
various harmonics. Confining attention to the fundamental wave, 
we saw that the flux density at any part of the pole pitch can be 
represented by 

^ • * * (5*0 

This is a pulsating wave of flux, and 

:=^ the factor which converts current to flux density 
=zz the r.m.s. current in the coil 
0) = 27 r X frequency 

and X = distance measured from the coil side to the point, where the 
density is B 

Now equation (5,1) is equivalent to 

[cos {x — Oil) — cos {x “h co/)] . . (^3/3) 

V2 


Equation (5.3) represents two rotating waves, one equal to the 
other, and each has half the amplitude of the pulsating wav(‘. 
Let there be another set of coils, displaced in space by the angle /i 
from the first set, and carrying a current clilTcring in time i)lias(' I)y 
the angle A, 

Then keeping our origin the same, we have 

B2 “ sin {cot — X) sin {x — p) . . 

where is the density due to 4 in the second set of coils at the point ,v. 

Now 

i?2 “ [cos {x — p — (ot X) — cos (.V — p 'h (ol — X) I (5.77) 
V 2 


The second set of coils also produces two opposite rotating waves as 
given by (5.77). 

Now make X ^ tt — P, then equation (5.77) l^ccomcs 
B2 — [cos {x — 2P — cot + tt) — cos {x + oot — 77 -)] 

= ^ [— cos {x — 2p— col) + cos (a; -|- cot)] , 


• (5-78) 
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If a^Ix — aJzi that is if the ampere-turns of the two sets of coils 
are equal, then it is clear that, when X — n—p, the reverse fields 
cancel, and we have two positively rotating waves only of constant 
amplitude. Again, if A — /? = w, we have 

Hi — I— cos {x — col) + cos {x + cot — 2/9)] 

V2 


In this ease the two coils produce a single rotating field, but 
rotating in the reverse direction. 

In the first ease, when A = tt — /9, we have 

5, -|- fcos (x — cot) — cos (x — 2/9 — (ot)\ 


B — .sin {x— col- /9) sin /9 . . (5.79) 

since we assumed aJi — 

Now our object in the analysis is to resolve our unbalanced 
currents and voltages into two symmetrical systems; one system of 
currents jDroducc a field of constant amplitude and constant speed 
in one direction, called the ‘‘positive-sequence” system, and the 
other set, called the “negative-sequence” system, produces a field 
of constant amplitude and speed, revolving in the opposite direction. 

Let ---- number of turns in the main winding 
Tjj : number of turns in the starting winding 
/, - bieadth factor X coil-span factor for main winding 
breadth factor < coiUspan factor for starting winding 


JjCi - cap<uitive reactance of the capacit(n' in sciics witli llic 
starting winding 

-- - line volts 

/y -= current in main winding 
---- current in auxiliary winding 

Then, since we assume that the ampcic-tiirns of the two systems 
of currents in the two windings arc equal, we have 

h, X r, X/, X T, Xf, 

i.e. /.va = /.S' • • • • (S-Bo) 

If /,,f, and lit, represent the positive- and negative-sequence 
components of current in the main winding and and Is, represent 
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the positive- and negative-sequence components of current in the 
auxiliary winding, we have 



II 

+ 

• ( 5 - 8 i) 


h = hi + h, - - • 

• ( 5 - 82 ) 

from which wc have 


■ {5-83) 


1 — f~ 

, « 

4 /. = 2 . 

• (5.84) 


hi. = 2 . ■ 

• ( 5 - 8 r)) 

Similarly 

Ig -i-jfjuCC 

's,= . 

• (5.8G) 


1 h~jKv^ 

h. = ^ . . . 

• (5.87) 

Let and be the actual generated c.mX.s in the auxiliary 

and main windings respectively; these voltages may be resolved 
into symmetrical components also. 

Thus 

“ ^S| + ^s, 


Es^ — positive-sequence component 

Es, = negative-sequence component 


and 




= -l-iEs.a • 

• ( 5 - 88 ) 


^ a 

£».= , ' • • ■ 

• (5-89) 

and 

. . . 

■ (5-90) 

Also let 

~ ^JlfX ^ • 

• ( 5-90 

where Zg — impedance of the auxiliary phase. 

Now the positive-sequence components of the voltage, supplied 
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to the auxiliary phase — which has the capacitor in series with it- 
are given by the following equations — 




■ (5-92) 

and 


• (5-93) 

The zero-order and second-order components of the capacitive 

X 

reactance arc both — 

J 2 

Also 

■ ■ 

• ( 5 - 94 ) 

and 


• (5-95) 


: . 

• (5-96) 


and 


Also 


h, = 


Vs.-j-^{2s,-VZs,) 




Zn,Zh, — J ^ {Zs, + Zn^ 


h,, - j 


3 (a'‘‘ g) 


Z,„A„-ji ( 2 „,. -I- ZJ 


(r)'97) 


{ 5 - 9 «) 


hr. - 



/ I , ) 


a) ~ 


^ 2 Z.,„Z„.,-J~UZ„„ + Z,J 


(r)-<J 9 ) 


where and represent the impedances of the main winding 
to positive- and negative-sequence currents, The starting torque is 
determined by finding the rotor currents corresponding to and 
<tnd referring both to the main winding of the .stator. From the 
positive- and negative-sequence diagrams, we have the ratio — 

r rotor _ rotor current referred to stator 

Xm + X^) 


I slator 


stator current 


^+i( 
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Corresponding to /ji/,, we have the rotor current, referred to the 
stator— 

hi! ^ X / “ ~ * • 

/jUj is the current in the rotor corresponding to 
Likewise for the component in the stator, wc have 

hnu = + ’ * (5*^01) 

-VMn H- 


hin! is the current in the rotor corresponding to which is 
due to the reverse field. 

is the rotor resistance, uf cried to the main winding, 
is the magnetizing reactance. 

X2 is the rotor reactance, refeued to the main winding, * 

The torques due to the two fields are opposing, so wc have the 
torques, given by the usual expressions, viz. 


rr* 2 X Il2*y .m - ^2 p / \ 

"" T'nm ^ ^ T • r)-'02 

l.p.m.Byu s 


and 


and the total torque 


7*2 = 2 X X (W)" X . (r,.ros) 

^ r.p.m.syn 2 — S 

= T,^T 2 


The starting torque is obtained by putting s i in the alcove' 
expression. 

The starting torque will have a maximum value when the 

reactance of the capacitor equals times the starting im])cdan((' of 

the main winding. 

The maximum starting torque 


P 

CO + X‘^ X « ^ yj • 


{r>-io-l) 


where R + jX is the locked inipeclancc of ihc motor icfcircd to the 
main winding. The maximum torque varies as a, which is lire ratio 
of effective turns in the main winding to lho.se of the starling winding.”' 

There is still another method of running a motor from a single- 
phase supply, which is extensively used on very small motors, such 
as servo motors and those used for gyro work, In effect this method 

* See Al)plicaiion of the Method of Symmetrical Components^ Waldo V. Lyon, McGi aw-Ilill 
(New York; 1927) 
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uses a three-phase winding on the stator, connected in the following 
manner. It is known as the capacitor split method. 

The three phases of the motor are shown as A, B, and G in Fig. 
5.8, and the capacitor C is connected between P and Q^, 

It is possible to get, from the single-phase supply, a three-phase 
system of voltages, but the system is only symmetrical provided 
certain conditions are met. Let the three phases A, B, and G have 



ioial impedances per phase ohms and let = impedance of the 
capacitance. It will be assumed to have no loss, so Zj = 

where 

Thc combined impedance, between Q,and 0 

2Z1 -|- Zj 

and the impedance between ( 2 , and R 

Zi(Z, + Z,) 


(5-105) 


2Z1 -b Z2 
3 -^ 1 ^ -f 2Z1Z2 

2Zj + Zj 


+ ^i 


(5.106) 


(5-107) 


Let I,r be the current in the line when a sinusoidal voltage 
7? sin col is applied between ^- 


Thcn 


f ^ ^ 

- Zi -f Zg 

The current in the leg OQ^ — It ^ 2^ 

The current in the leg OR = It 

The current in the leg OP = It aZ^ + Zj 


(5-108) 

(5-109) 

(5-I10) 

(5.111) 
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If the three currents in the three phases are to be equal, then 


2x 


+ -^2 

22 i 4 - Za 


2-^1 + -^2 


= I 


• ( 5 ' 112 ) 


lZi + Z,l = l2Zi + Z,|. . . (5.1 13) 

i.e. . (5.114) 

or R^ + X^ + X/ - aXX. - 4i?« + 4X2 - 4XX. -h X.^^ (5. 1 1 5) 


l.C, 




2X 


The currents will be equal in magnitude, provided 

X, - gjjr . . 


They must also differ in phase by 120°. 


In the branch OPQ,, tan ^ 


X- A' 


^ " R 
X 


(5.116) 


C'j-ii?) 


(5.118) 


In the branch OQ^, Ian 02 === ^ 

p-XA 

/ , 1 \ <l>i \ / 

tan (^2 f/n) - j - ^^2 ^yA; 


I + ]12 J12 


R 


i- ji2 jii. 


(5.120) 


Now if <t>2 ~ <l)i — 120*^, 

tan 120 = — ^3 


R 


, ^ 3 (. + 5 ) 

/-X 

Vsj-i 


( 5 -I 2 I) 

(5.122) 
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The two values of X^, given by equations (5.12a) and (5.116), 
must be equal 


i.c. 


'^1-' 


= 1(1’ + ^) ■ • (5->=3) 


X 


Let ^ then from above K — VJ 
. X r- 

i.c. Vg ancU, = aJf . . .(5.124) 

There are thus two conditions to be satisfied for a true three- 
phase system of voltages to be produced — 

(») f-V3 

and (i) X, = aZ 

The X is the loial inductive reactance of each phase. R is the 
resistanee of each phase. The capacitive reactance must be twice 
the total inductive reactance of each phase. 

[Note. Total inductive reactance, not leakage reactance. '\ 

Assuming these conditions are satisfied for a symmetrical three- 
phase system of voltages, we may enquire as to what the power factor 
may be. Wc have 

= . ■ 

2^1 -I- -^2 2/i 

3^1* -1- -I- 2j7LV I- .V* • 

Eaiij (g/i* -I- A'*) - 2jRX\ 

~{^R^ + XY'+‘[Ji-^X-^ ' 

It is assumed than E — £sin col 

a/LV 


Then 


and 




(5- 1 25) 
(5.126) 

(5-127) 

(5.128) 


and 


tan a = 


When 


X 

R 


4! A’2 


(5-129) 


\/3. 


tan a = 


A* 

Vi 

3 


if 

aA'* 


I 

Vi 


and 


a = 30° 
cos « = 0-866 


(5.130) 

(5-131) 
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Thus, the power factor is o*866 for the line current. 

It is clear that, under these conditions, the performance can be 
estimated in the same manner as that used for a three-phase motor 
under a balanced system of voltages. This method of starting and 
running is common in small induction motors for gyro work and also 
for small servo motors. It is also used for hysteresis motors. The 
condition for a balanced system of voltages is not met in practice, 
and one finds both inequality of voltages and phase angles difTcring 


a 



from 120°. For the analysis of the performance, one can resort to 
the system of symmetrical components.* 

As before, we obtain the positive- and negative-system of voltages 
and currents. 

Let the capacitor reactance be — jx. Then the zero, j:>()sitive- 




and negative-sequence components of tliis reactance — —j] 


The applied potentials — 

V; 

Va,,^ilo + aV~aW\ 

V, y V 

'3 \/3 

^ ~ 0*5 -h Jo*866 

^2 = _ ~-jo4]G6 

= i[o ] 

y f - ‘ y 

3 ( ;) \ 3 - v/s ■ 


The positive-sequence component of the star voltage 

Yio. 

^ 3 


Vn. = ^ Z- 30 = zl6o 


r„-^Z3o-fz:-6o 

* Op. Git. 


3 

(r)''33) 

(5-i3<l) 

(3- 137 ) 
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The positive-sequence voltage in phase 1, i.e. the phase containing 
the capacitor, 

== Fa. = I Z60 

The negative-sequence voltage in phase i 

V 


= V, 




Z— 60 


V V 

~ /.Go means that the magnitude = - and leads V by 60° 

V . V 

— /. — Go means that the magnitude = — and lags V by 60® 

3 3 

Now for the voltage equations for the positive and negative 
sequences for phase i. We have 

V... . .(5-138) 

= ■ • ( 5 - 139 ) 

T’hc iinpedance of phase 1 to the positive-sequence cui rents is 
Z], and to lu-galivc-seciucnce currents is Zg. 

Sulisliluling the values of V„, and V„, already found, we have 

- (5-Ho) 

Go /«, T 1(1. 


r 

3 ' 


(5->-l0 
(5- '-12} 


I" 

X 

- /()0 

3 , 

1 

“ / — Co 

3 • 

A* 1 

1 ^ .A 

• ^ 1 

<.i—J 2 

“•^3 

. a: 



(5-143) 


V .X 


- Za Z6o - - Z.G0J- + -J - z- 60 


(5-144) 


ZiZi-J-^ (Zi + Z2) 
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y ■ y r ^ ^ 

L GOg 3 "^^^3 

V .X _ V ^ X 

oj ^ 3 3 


(5-145) 


Resul^nt 


Fio, 5.10 




2i^a~i3 [A-l-^ 3 ] 


• (5- '46^ 


The current in phase 3 is ihc line current 

'<. = 'c, + ^. .... (3.147) 

= <1^(1, H" . . (3.I.1B) 

a is nn operator = «B2o _ ^os 120 -j-J .sin 120, it turns ilic 
vector on which it operates through 120“. 

h = 4 , ZI120 -H I„, z:240 

= 4. Z120 -1- /I- 120 

~ sUAJ ~>l(2i -I- 

To xnake lhi.s step clear, we have 


V\ a; 1 T r A- 

- Za Z,i8o + -7= Z.120 - Z, ,/ — iCo— --- /l— J20 

3 L V3 J , 3 L V3 


^i^a-i3(Zi + -?2) 


-^^1-^2 i 2 (^1 H" 

. (5.150) 


Za Z.180 + Zj 180 + ^120 ^ 120 

V3 V3 

3 z,Za~>(Zi + z;y ■ 


- (5-151) 
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“ 3ZiZa ->(Zi + Z^) “ 3^2* - J^(2i + Za) 



jVo/«. -7= Z.120 

y 3 

ahowii in Fig. 5.11 


Vs 


= 120 has a resultant 


ax V^j 

Vi a 


= xj 


2 X 

—7= COS 30; as 

V3 


Our positive-sequence diagram then becomes as in Fig. 5.12. 



The positive-sequence current in the rotor 


- - X 




:e: -- L X 


JX„ 


+ T +i^2' 


+ jVm V ^2 ) 




• (5-153) 


The negative-sequence current in the rotor 

. _l_ r ' 


. (5-154) 
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where = rotor resistance, referred to the stator 

— rotor reactance, at full frequency, referred to the stator 
ffij ~ number of rotor phases 

The torque of the motor, in synchronous watts, 

= [(4;)“ ^ - (V)^ . . (5.155) 

The starting torque, in synchronous watts, 

= %[(V)V“( 4 .;)V] • . (5.156) 

^« 2 [( 4 .')V -(/«.')%'] . ■ . (5.157) 

(zz6o + ^)-(zz-6o-^)*’ 


: m. 


r/2 


(z.-,-%z)’ 


h' (5.156) 


Since, when s == i, Zj = Zg = 

The starting torque then becomes 

3 






{R^ -h A'**) -I- [a^- 


. (5.159) 


where R = resistance per phase 

and X ^ the reactance per phase at standstill 

DifTeren dating equation (5.159) with respect to we have 



r+^~Y 


for a maximum value 

3 9 3 9 

. (5.160) 

i.e. 

Ri .= 0 


i.e, 

= S {R^ -t- X^) 

. (5.161) 

and 

* = i ‘5 
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That is, the starting torque is a maximum when the reactance 
of the capacitor = P 5 X impedance per phase. 

Substituting we have, maximum torque in synchronous watts 


^ WaFJ Rfj , g . 

6 \/3 -h Z«) { -X) ' ^ 5- 1 2 ; 

The maximum torque at the start in Ib-ft 

= 7'Q4 w fflajP/gra' 

r.p.m. ^ [Ri q. ^Y2)'(Vie“"x'X2- X) X GVs 


XCX’^R 


VX^ -I- ~ X ^xJi-\~~~ X 


X\ 


and the maximum starling torque 




7 -O'] 


in, VW X iX 


r.p.m. a s/n{li^ -\- X^)R • 

Hyii 

7-OiL X / LV X X — 

P.p.m. ^ I Vsi R'^ -I- V3R 


(5.164) 

( 5 - 165 ) 


.V 


Thus, the niaxinium loic[uc developed at the start = limes 
that for the normally balanced motor. 


10 — l'l*‘590 


CHAPTER VI 


Electric Braking of Induction 
Motors 


In certain classes of machines, such as hoists, cranes, rolling mills, 
etc., it is necessary to stop quickly, and hcncc braking is necessary. 
An induction motor may be braked in several ways. Alternating 
current may be used for excitation, but it is necessary to reverse the 
field of the motor by reversing two of the primary leads in the three- 
phase machine, and by reversing two primary leads of one phase in 
a two-phase machine. The rotor is then running in the opposite 
direction to the field, The power generated in the rotor is dissipated 
in PR loss. Remembering that the torcjuc, in synchronous watts, is 
equal to the rotor input, i.c, the torque, in synchronous watts 

= ( V )^7 . . . . ( 6 . 1 ) 


Note. hi in ihis case = \/3 X rotor current per pliasc rcCcrrccl 
to the stator 


and 


torque in ib-ft = 


{hl)S .. 

r.p.ni. X . 1 ' 

Hyri 


X 7-0.1 


( 6 . 2 ) 


we sec that, if the torque i.s to remain constant, during the braking 

Y * 

period, and hi is constant, then -y must be constant. As the slij) 

decreases from s = 2^ which corresponds to full speed, with the field 
rotating in the opposite direction, to s = i, i,c. to standstill, if the 
rotor current is to remain constant, with couhtaiU braking torcjuc, 
then }2 decrease in the sa?ne latio as the shp deoeam. If a llc[iiicl 
resistance is used, it would be possible to change the resistance in 
such a manner that the torque and current would remain constant 
during the braking period. At the instant when the motor is running 
near synchronous speed, and the licld is reversed, the frequency of 
the rotor currents is nearly twice that at standstill, and the secondary 
voltage will be nc<yly twice that at standstill. In large induction 
motors, this may impose excessive stress on the insulation, so in 
these machines it is desirable to apply half normal voltage to the 
primary, or use direct current for braking. We will now develop 
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ctpproximate expressions for the a 

curves, peed-torque and ampere- torque 

We will use our approximate equivalent circuit, shown in Fig. 6. i . 
Let Pi = primary terminal volts; the machine is assumed to be 
connected in star, so that the phase voltage = A 
Pa = secondary volts between rings at standstill ^ ^ 

4 == V 3 X current per phase, for three-phase 
= 2 X current per line, for two-phase 
4 ( = ^3 X no-load current 

= V'3 X secondary current per phase 

Note. Since we are using the terminal volts in our 
equivalent circuit, jhe current to be used in calcu- 
lating power = y/g X current per phase. 



X, t; 

-nsw—^tAK- 


4 4a 

— WVW' — j 


Fio. 6.1 


? ^ = primary resistance per phase 

^ secondary resistance, referred to the primary 
= primal y leakage reactance per phase 

X2 " the secondary leakage reactance per phase, rcfeired to 
the primary 

p — total watts with the motor locked 
T — torque in Ib-ft 
s — slip 

= synchronous revolutions per minute 

Since the power factor at no load and at short circuit is nearly 
the same, 




^ ht) ^ 




where — Vg x short-circuit current per phase 


/ ^ 


Vi 


J + “y) + (^1 + ^2') 


. (6.4) 
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r — torque in Ib-fl 


{hiY X ~ X 7-04 


slip s 


(■4/)*^' a X 7'04 


Mn X T 


• (6.5) 

. ( 6 . 6 ) 


By substituting for 4 / the value 

.B 








y(>i + 7) + 

ill equation (6.6), and cliflcrcntialing, we 
^ find the torque is a maximum when 


Fig. 6,2 

and 

and since sin (/j2 = 


''i + 7 = *1 + x^' 

Neglecting the no-load watt-component 
of the primary current, our vector dia- 
gram, Rg. 6.2, shows the primary current 
(X Vs) = OB, 


hi = ^{ht sin </.sj + 4)s -i- (4/ cos . {6.7) 

H- 7) + (-"fi -I- 


. (6.8) 


and 

we have 


cos f/>2 = 


I ^8 

t, + 


7(^ + 7)% (Ar.-1-.tV)'^ 


• ((i-J,) 



From these equations the torque-slip and torquc-curronl (’urvc.s 
can be drawn for various values of the rotor resistance. 

Nole. The torque in synchronous watts = input to the i-otor 
circuit 


s 


(6.1 1) 


( 6 . 12 ) 

( 6 . 13 ) 
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For a three-phase rotor = 3, but 

V- VP 7 . . . 

^ iW X 

s s ‘ ' 

The following example is given by Spechl, to whose article on 
braking, the reader is referred [Journal of The Amencan Institute of 
Electrical Engineers ) . 

A motor of 2000 b.h.p,, three-phase, 6600 V line, 25 c/s, 6 poles, 
500 r.p.m. (syn.), with both stator and rotor connected in star, is 
braked with a.c. cun-ent. 

~ 58 A. ~ amperes X V3 
No-load power = 32 kW 

~ 1550 A. with locked rotor = V3 X 4 
p = 1950 kW with locked rotor 

= 1 700 V between rings 

The resistance per phase of the secondary at 40“ = 0-026 fi, 

)/ = 0-026 X =0-39^1 . . (6.14) 

In Fig. 6,3 nine speed- torque curves are given for the following 
rotor resistances, in ohms, referred to the primary — 



I. 

r,' 

0-39 

without external resistance 


2. 

>a' 

— 1-2 

including external icsistancc 

) i 

3 - 


- 2-4 

j j ) j 

> J 

n 

4. 


= D'O 

>> J ) 

)> 

j> 

5. 

>■/ 

8-0 

>} >) 


1 > 

6 . 

^2' 

= 13-0 

)) 

>i 


7 - 


— 20-0 

)> 

1 > 

)) 

8. 

>■/ 

== 34-0 

i) >) 

J) 

>) 

9 - 


=■- 60 -0 

>> n 


Ih)!' ; 

e 

2 ~ 

O' 39 and 

s ~ 2y WO have 



4 = 


6600 


»-3e + “-f )‘-i 


-= 1496 


(6.15) 


-'^l + -^2 = 


and 


i( 1 550 — 56) X 66 00P - 
(1550-58)*' 


(i 950 000)* 


= 4-37^ (G.16) 


1496* X 


0-39 


r = 


500 


X 7-04, = 6100 Ib-ft . 


(6.17) 
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For various values of the slip from 2 to 0, the torque curve i 
and secondary ampere curve arc determined, 

The results are shown in Fig, 6,3, 

It will be noticed that if the motor should be braked with a 
torque equal to the average fulbload torque^ and with a current 
not exceeding greatly the fulHoad current, the resistance should be 
decreased, step by step, until the motor stops. This is shown by the 
heavy zigzag line. This corresponds to the use of a metallic resistance. 
If a reduced voltage is applied to the stator for braking, the currents 
vary in the same ratio as the voltage, and the torque varies as the 
square of the voltage ratio. Therefore, the same curves can be used 
for reduced voltage as for full voltage, by changing the current 
scale in the ratio of the voltage and the torque scale in the square 
of the voltage ratio. In order to brake the motor at half-voUagc 
with full-load current and half the full-load torque, the secondary 
resistance must be half that at full voltage. This torque can only be 
obtained when the maximum torque is at least twice full-load torque 
at full voltage, because the maximum torque at half-voltage will be 
only one-quarter of that at full voltage. 

In the case of a squirrcl-cagc motor, one specd-torque curve 
only can be obtained, and in order to obtain a good torque lor 
braking, without excessive current, a high-rcsistance rotor is neces- 
sary. Such a motor is very inclTicicnt when running normally, 
and should only be used for very intermittent service for elevators, 
cranes, and hoists. 


Braking by Direct Current 

When using direct current for braking, the d.c. supply may he 
connected to the primary in the following ways, shown in Fig. 

The connections for three-phase machines arc given in Figs, {(i) to 
(/), and those for two-phase machines in to (A), 

In the ease where one tcnninal is connected to the uogativ(' 
supply and the remaining two terminals to the ])ositivc supply, lh(' 
current in phase i (when at the maximum value) will have double' 
the value of the currents in phases 2 and 3, aiid will flow in opposite 
direction. The cuiTent in phases 2 and 3 llows from the leimijials (o 
the star point (negative direction) and, in phase i, it will flow (Vom 
the star point to the terminal (positive direction). 

This is just what happens when, in a three-phase system, the 
current in phase i is at its crest value. Let us call the r,m,s. value 
of the current/, then the momentary current in j^hasc r is v/a/ and, 

in phases 2 and 3, I 

It is clear that the direct current, in this ease, which replaces 
the three-phase excitation, will have the value V 2/ 

Let us consider a star-wound motor and connect only two 
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terminals to the supply. Then the current in the third phase is 
zero, the currents in phases i and a have the same value, but 
opposite in direction. This corresponds to the moment in which, 
in the three-phase machine, the current in phase 3 is zero, whereas 
the currents in the other two phases are 

+71 ^ - yi / = 1-83/ and - I •33/ 

In this case the equivalent direct current will be 23 per cent 
higher than the measured value of the alternating current, 




The watt losses in the first case are, lUl rcpicscnts the lesistanco 
of one phase, 

(1*414/)^;? + 2 X (o- 7 o 7 /) 2 /e , ((i.iB) 

and, in the second case, 

2(i*23/)Vi 3/27^ , . . (G.iy) 

Therefore, the d.c. voltages, applied in cases i and 2, arc in 
inverse proportion to the currents. 

Exactly the same relation holds good for delta connection. In 
this case, if the d.c. supply is connected to two terminals only, the 
direct current has to be 23 per cent greater than the measured 
alternating current; whereas if one terminal is connected to the 
positive and the two others to the negative supply, the value of 
the current is V 2/ 
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Let rg = secondary ohmic resistance measured between ter- 
minals and divided by 2 
X = inductive reactance at synchronous speed 
s == slip = o at synchronous speed of motor 
== I at standstill 

== synchronous revolutions per minute 
n — revolutions per minute of motor when running 
= secondary voltage between terminals at no-load speed 
jg = total secondary current equivalent to single phase 

[ for three-phase tg = terminal amperes X V gl 
for two-phase Zg = terminal amperes X 2J 
z, = total secondary short-circuit current for inductive 
reactance purely 
z’l — total primary amperes 
T — torque in lb at i ft radius 
z’o = direct current for exciting 
ti = number of turns per phase in primary 
^2 = number of turns per phase in secondary 
For the d.c. excitation, an equivalent alternating current 

I 

— —7= times the direct current can be substituted, and then, for 
V2 

synchronous speed, the voltage and short-circuit current in the 
secondary can be determined by transformation. 

The short-circuit current is equal to the equivalent alternating 
magnetizing current reduced to the secondary turns. The secondary 
open-circuit voltage is the same as that obtained by the equivalent 
d.c. excitation when runningalsynchronous speed. In determining the 
corresponding alternating short-circuit current, the distribution and 
the amount of winding excited by direct cuircnt must be considered, 

i.c. the current must be multiplied by a factor C besides 

V2 

The factor C for a three-phase winding, of which two phases arc 
excited by direct current, is 1*15. 

The sliort-ciicuit current in a three-phase secondary at syn- 
chronous speed, which would be obtained if the rotor had inductive 
reactance only is 

i. . ^ X f; X <; . . . (6..0) 


and the ccjuivalcnt primary alternating current is 

V5 

h = ^0 “7^ ^ ^ three-phase primary 

V2 

V2 


= Zq —z X C for two-phase primary 


(6.21) 

(6.22) 
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The corresponding secondary volts can be read off on the open 
a,c. saturation curve. 


The inductive reactance x — ^ 

. (6.23) 

also • h = 

47)+^ 

. . (6.24) 

II 

; X 

6 

• (6-25) 

n 

iiqT 

•f = i\r X 7-04 

H ‘2 

. . (6 .q6 ) 

Maximum torque occurs when - — x. 



We will compare d.c, braking with ax. braking, 

The 2000 h.p. motor, to which wc have already referred, will be 
selected for example. Assuming the primary is excited by direct 
current across two terminals of the star winding, and that this 
current is lOO A, then 


^3 A . I T 

= 100 X X X ri 5 = 550 A total 

\/ Q 

i. — 100 X —7^ X 1*15 = 1417 A total 
V2 


(6.27} 


(6.2H) 


From the saturation curve, the corresponding secondary voltage 
for z’l = 141*7 A is found to be 2420 V. 

The inductive reactance = a* a 

For various secondary resistances /gj following values arc' 
selected — 


Cuwe I. /g “ c>* 026 Q without external resistance 
„ 2. ?2 “ ^*5 including external resistance 

,, » )j >» 

,, 4* ^2 “ j> >) o 

» 5* ^2 “ 3*^ a JJ )> 

For s = I and /g = 0*5 the secondary current and toicpic 


T are 


2420 


JUf 


= fyiO A 


4 -e 


r = 


X 0-5 


<ioo 


X 7-04 = 2120 Ib-ft 


(6.29) 


(6.30) 


ELECTRIC BRAKim OF imUCTION MOTORS 143 

In this way the currents and torques for other slips and resistances 
may be found. The results arc shown in the following figure. 

Examination of the curves shows that, without external resistance, 
the torque at 500 r.p.m. is nearly zero, and increases very slowly 
with decreasing speed, except that below 50 the torque 

increases much faster. At about 3 r.p.m. the torque reaches the 
maximum value (94.00 Ib-ll) and then drops very rapidly to zero 
value. It is clear that this speed-torque curve is of no praclical 



value; and in order to obtain good braking torque over a wide 
speed range, it is necessary to insert a fairly huge resistance. 

Further, the curves show that the maximum loiquc obtainable 
with an exciting current of 100 A is not even cpiitc half lulMoad 
torque, and that the opcii-ciicuil secondary voltage at synchronous 
speed is 42 per cent greater than the voltage at staiidslill with 
6600 V aUeriialing current on the piimary. It would be possible to 
obtain a greater torque by increasing the exciting cut rent. This 
would give, however, a higher secondary voltage and stronger 
field, and would increase the unbalanced pull and the danger o 
greater potential rise in ease any of the circuits should break. It 
is pointed out by Specht that the conditions for dx. braking of this 
motor are very poor, due to the low value of the no-load current as 
compared to the full-load current. Motors having a larger ratio in 
this respect would give more favourable results. 

Nevertheless, the best torque which can be obtained by braking 
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with direct current is not greater than full-load torque. The same 
motor was driven by another motor at synchronous speed, and the 
primary was excited hy direct current and the open-circuit secondary 
voltage measured. Then the secondary circuit was closed and the 
short-circuit current was measured. The results are shown in Fig. 6.5. 
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Curves i and 3 correspond to an excitation of two phases; and 
curves 2, 4, and 5 correspond to an excitation of three phases. 

Analysis of the results shows — 

(1) The braking torque obtainable by alternating current, even 
with only half the primary voltage, is, as a rule, considerably 
greater than with direct current. 

(2) In braking with alternating current, the line circuit has to 
be taken off the motor as soon as the motor comes to rest, otherwise 
the motor will rcvci’sc; whereas in braking with direct current, llm 
motor comes to rest only and will not rcvci'sc. 

(3) With alternating current, it is an easy matter to obtain a 
strong and practically constant braking torque during tlic whole 
retardation period; whereas with d.c. excitation, it is difficult to 
obtain good braking torque near standstill, due to the rapid decrease 
in torque from maximum to zero. 

(4) If it is desired to brake the motor with full-load torque by 
means of direct current, the secondary voltage at synchronous speed 
will be not far from double voltage; and, further, since the magnetic 
field has to be much stronger with d.c. current, there is a danger of 
serious voltage rises due to breaking of any of the circuits. 
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The only advantage of braking with direct current is the small 
energy which is needed. Only lire PR losses of the primary have 
to be supplied with d,c. excitation; while with a.c, excitation, the 
full power has to be supplied to the motor which it would require 
for developing an equal torque at normal operating condition. This 
section with the curves and examples are taken from the paper 
by Specht, 



CHAPTER VII 


Speed Control of Induction 
Motors 


The induction motor is practically a consiant-spccd motor, resem- 
bling, in this respect, the dx« shunt motox’, and is admirably adapted 
to constant-speed work, but there arc many, and varied, applications 
where variable speed is necessary. This variable-speed field is 
extensive and includes rolling-mill motors, cranes and hoists, pumps 
and compressors, etc. There is a trend towards the use of alternating 
current on ships, and variable-speed motors arc necessary for 
winches, capstans, etc. There are numerous methods by which 
speed control can be obtained with the induction motor. They 
are as follows — 

(a) Rheostatic control by the introduction of resistance in the 
rotor circuits, 

(4) Pole-changing. 

Cascade connection. 

{(1) Change of supply frequency. 

(e) By the use of a synchronous converter in circuit with the 
rotor. 

(/) By concatenation with the three-phase series and shunt 
commutator motors, 

(^) of resistance and reactance in parallel in the rotor 

circuits. 


Speed Control by Resistance In Rotor Circuit 

The simplest method of varying the speed of an induction motor is 
to insert resistance in the rotor circuit. By this means any sjxcccl 
required, below synchronous speed is obtainable, but only at the cost 
of efficiency. It has been shown that the percentage efficiency is 
always less than the speed as a percentage of synchronous speed, It 
is chiefly used in the following cases — 

( 1 ) During starting a motor, where the energy wasted in resistance 
bears a small ratio to the total energy. 

(2) For the speed control of haulage motors of medium size, 
where the wind is a long one, 

(3) For rolling-mill motors and winding-gear equalizers. 

146 
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The Continuous Slip Regulator 

For rolling-mill work, where a mill has to roll a great variety of 
sections, it is clear that speed regulation is necessary. Smaller 
sections must be finished at a higher speed than the larger ones, 
otherwise the metal would cool too rapidly and could only be formed 
by the expenditure of a great deal of power, which increases the 
liability of the breakdown of the mill, and the accuracy of the 
sections and quality of the product may be anccted. To obtain a 
reasonable production, the smaller sections must be rolled at as high 
a speed as possible. Within certain limits, where the speed regulation 
docs not exceed 10 to 15 per cent, the rheostatic method of control is 
the simplest and most satisfactory. 

In rolling-mill applications, it is very important to equalize the 
load on the generating plant as much as possible, to ensure maximum 
efficiency in operation. To that end, a flywheel is coupled to the 
induction motor, which is caused to drop its speed by the introduc- 
tion of resistance in the rotor circuits, This allows the flywheel to 
give up some of its energy when peak loads have to be met. Thus, 
during the passes, a sudden, heavy demand is made on the motor and 
generating system. This demand on the generating plant is reduced 
by the equalizing effect of the flywheel, and, furthermore, the size 
of motor is also reduced. The resistance is introduced into the rotor 
circuit in two ways. In one the resistance is petmanenily in ciicuiL, 
and the method is known as the “continuous slip regulator.” It 
is a matter of interest to analyse the behaviour of the motor, and to 
show how the speed, torque, and output of the motor, and input from 
the line vary under load conditions. We will consider, in the first 
place, a rolling-mill of the continuous type, and dediKO the torque 
and speed equations when permanent resistance is adopted. 

Let I moment of inertia of the flywheel in Ib-fl- 

o) = angular velocity in radians per secoiul at any time ( 
seconds from the comineneemcnl of the ])ass 
T — torcpic excited by the incluclion motor at .my lime / 
seconds, from the commencement of the ])ass, in Ib-il 
Tf fulHoad torque in Ib-ft 

Tg =: maximum torque exerted by Llic induction inoUjr in llie 
pass in Ib-ft 

™ total lorcjue in the pass, assumed constant, in Ih-ft 
cuo === synchronous speed in radians per second 
ft)/ — speed of the motor, in radians per sceoiul, at (iill-loacl, 
with permanent resistance in circuit 
voltage per phase in the rotor, at standstill 
Jg — rotor current per phase in amperes 
m2 — number of rotor phases — usually three 
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R ^ resistance per phase in rotor circuit at working tempera- 
ture 

igco — rotor reactance per phase at standstill 

synchronous speed — actual speed 
synchronous speed 


s ^ slip = 
Then 


VB? -1- 


_ sE^Rnin 

T = ^ s^lIw synchronous watts 


(7.1^ 

( 7 - 2 ) 



Fig. 7.1. Typical SpLED/TouQ,uh Curves wiiii Diii’urent 
Values of Rotor Rksisfanck 


The torque slip curves of an induction motor arc givcji in Fig. 7.1, 
The slip, usually taken, is about 20 per cent in the passes* Now 
for small values of the slip 


T 


R 


oc slip. 


( 7 - 3 ) 


It will be seen, from Fig. 7.1, that the assumption that the torque 
is proportional to slip is sufRciently accurate for practical purposes. 


T ^ c oq — fl j ^ ^0 

Tf ft>o ’ (Up COp — (Df 


• ( 7 - 4 ) 
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M9 


Now • • 

. do) . 

since IS negative. 

• (7.5) 

. TjpO) ^do) ^ 

OJq — CD/ COq — COy (/( ® 

• ( 7 -S) 

Let — — ^ . 

COq—O)^ 

• ( 7 - 7 ) 

Then aa)o-ao)-I~= T, . 

• ( 7 - 8 ) 

. dco . aco acon — T^ c 

..C, ^ + T- -I- = T ■ 

• (7.9) 

where c = awo — , 

■ ( 7 ->o) 

Multiplying by we have 



// t r ^ i 

. . (7.1O 

o)^/ ris j U/ rf/ + £ . . . (7**’2) 


where E — consiaiU of integration 

w - ^ -I- /if" . . . (7.I3) 

When I Oy (O — (jOly 

(0^ -- ^ -1- 7 i . . . . (7.1-1) 


7 -; = ^,-^ .... (7. 15) 

• • ■ ( 7 -i(>) 

01 = £U„ — ~ (f,)o— (!>/) -j- |f()i — f.)o - 1 - {«o — (Of)je ‘ (7. [ 7) 

This is our speed equation and from it the si)ccd, at any tune 
during the pass, can be dctcnnincch 

At the commencement of the first pass, will be the speed, 
corresponding to the friction load. 

At the beginning of the second pass, it may happen that the 
speed has not fallen to the frictional load speed. In that case the 


II— (T.Sgi) 
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e end of the first interval between passes, can be found, 
Mj^^eed must be substituted in the equation for the speed at 
^^inning of the second pass. 

X he average speed during the pass 


j [mil 

^ Jo 


where i — lime of pass 


^ ^ r // A I 

-+ — Icoi ] e ^ X7 

a L ^ V Jo ^ 


c 

a a 


dl . 

• ( 7 >i 8 ) 

I-I [ 

X 

0 

f 1 

■ (7-19) 

("■-3) ■ 

• ( 7 ' 20 ) 


Therefore, average speed, during the pass 
7- 

= Wo — y ("o — (Of) 

I \ f T 

+ Pff ^“0 “ ("1 - + 7^ (<Oo - «>/) 

During the interval between passes, we have 
_ ^ , rfco 

T=r. + -(^. . 

Here is positive, and T^ = frictional torque. 


fi-r?'] . (7.21) 
• ( 7 - 22 ) 


7 = 


T,(o^ 

0)n — (Of 


TfO} 

a)f, — (jOf 


, (Id) 


i.e. 


( -j^ + 0(0 — ao)„ — T„ . 
(1(0 aco _ flWo — 7o f 


where/ = ocoq — Tq 


J ‘ .{ p ‘ 


dl + F 


(7-23) 

(7.24) 

(7-25) 


When t = l2 = time to the end of the first pass, co = cog, 

/ 


w, -I- Fe- 7 '* 


• (7*26) 
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F- (».- '{) 


• ( 7 - 27 ) 


) . . 

. (7.2fl) 

CO — (cOq ” ^/) + (^3 

T 

- 0)q + (ft>0 - (Of) 

" 


• (7'a9) 


The average speed, during the interval, 

" 3 (“-■-() I' 


“l (7.9'>) 


I V' , / , 

= r I Oidt = 1 77 

Coming now lo the question of torque, we find during ihe pass, 


T= T, + J 


do) 
dt * 


(7'30 



From this the torque at any instant during the pass t.in lie 
determined. 

Let 7*1 = torque exerted by the molor at the Ix'giniiiug ol the 
pass, i.c. ^ — o, then we have 

Ti =--- -J . . 

and Tg the lorc|uc at the end of tlic pass / - 


Then 


I 

II 

- " V"‘ ■ 

\ /'• 

• 



^ T - 

, r, - T, 






« , 
e‘'' 



Now 

ali 

Tf 

0 

1 

i 

X 


•1,1, 

"1 

Wq ~ 0)J 

f.l„ - W/\ 

«'« / 

1 

» k 


11 

1 

1 

T,~T., 

ni. 

T., -\ 

, - Vn 

A'' • 


e “>off/ 
A =r 




• (/T/J 




(7'3<)) 


• (7’t>) 


where 
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The torque exerted by the motor, during the interval 

r-T -II- 

^ r ^ rU 




where t — L^T — Ta 


T { 


(7.41) 

(7-42) 


(7-43) 


( 7 - 44 ) 


and when t = <3 ihc time of llie beginning of the second pass T — T.,' 




ZL-7 


(7-43) 


It is not our purpose to go into the considerations which deter- 
mine the relative proportions of flywheel and motor, but it may be 
remarked that, where the power is generated at the works, it is 
important to use relatively heavy flywheels to keep the load on the 
generating plant as constant as possible, In those cases where power 
is supplied from an outside source, the method of charging alfccts 
the proportions; a heavy flywheel being necessary when the 
maximum demand system is in vogue, and a small flywheel and 
relatively large motor, when power is charged for on the Ilat-rate 

1 4 ; ^ 

Qti L Tongue 


66 600 


64 400 POW^\ 


62 ZOO OSyJO' 





0 2 4- ^6 , a 10 1Z 

Time m Seconds 

Fio. 7.2, Curves showing Indugmon Moiors’ PuRroRMANCii 
FOR Permanent Resisi’ange 
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system, it being important, in the latter ease to reduce the friction 
losses as much as possible. 


Application of our Formulae to a Cogging Mill 

The following example will be instructive: a 20 in. to 3 ft high 
cogging mill for rolling ingots from 10 in. x 10 in. to 6 in, x G in. 
has six passes. The speed of the milt is 70 to 59-5 r.p.m. 

The torcpic diagram is given in Fig. 7.2. 

The flywheel employed has a moment ofinertia of 0-54 X 1 0“ Ib-ft* 
and has a diameter of 20 fl. The motor has a full-load output of 
630 h.p. at 70 r.p.m., and the speed drop, arranged for, is from 
70 to 59‘5 r.p.m. The maximum torque, exerted by the motor 
= 83 700 Ib-R. 


The .slip, at 59-5 r.p.m. = 
ccnlagc slip — i6*8. 

At full load, the Lorque is 47 500 Ib-fl — 


71’r) 

83 700 
l"7C^ 


— 0* 1 68 ; per- 
ancl the slip, al 


full-load torque 9*5 per cent. 

The full-load speed is, therefore, 64*7 i\pjn. and the full-load 

. 47 500 X Stt X 64*7 , 

output IS h.n, 

^ 33 000 ^ * 


Calcidalion of lO)que and speed in ihe fast pass and hUnvai 

c ( r \ Ir 

In the pass ™ ^ "I" I "" ^ ^ 

^ / \ 

“ “ ^'V) 


a 

1 


27T 


rr 


6(j 


7*48 radii/se( 


64 ‘7 

o)j ~ 27 r X = 6*78 radn/sre 

7 ]^ i^T)05 X Ib-ll 

fiiction torque 4000 Ib-ft 

I, 4-75 < 10' 
f'Jo — ">/ 0'7 

- - 3-78 

no-load slip — o*8 per rent 
i\p.m., no-load — 70*9 

47 69^0 ^ 

0*095 7’4^ X 0*54 X 10" ^ 
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Using equation (7.16) for the speed and equation (7.33) for the 
torque, we will tabulate the various quantities for the first pass — 


Time in 
Seconds 

Q) 

H.p.m. 

Toiquc 

Ib-ft 

e I 

ii.p. 
Output 
of Motor 

0 (beginning) 

7*40 

70-9 

/j 000 

I '000 

54 

0’30 

7‘27 

69-3 

13500 

O'gGr, 

0'9qB 

179 

0’6o 

7*14 

60 -O 

22 500 

292 

O'QO 

7*00 

66-0 

31 500 

0*895 

409 

i*«7cnd 

6*80 

65-5 

41 900 

0*856 

524 


For the first interval, wc use equation (7.28) for the speed and 
equation (7.43) for the torque 

f f 

^=7-421; 6-88 ~ 7-421 0-541 

Tabulating the results for the interval, we have — 


Time in 
Seconds 

0 ) 

R.p.m. 

Toique 

Ib-it 

"“i 

I‘I,p. of 
Motor 

1*50 

6-894 

65-7 

39 

0‘()73 

495 

2*50 

6-955 

ec-5 

35 600 

0*862 

45 « 

3*50 

7-014 

67*0 

31 500 

«753 

.102 

4*50 

7-057 

67-5 

2O 600 

0-673 

3 ()() 

7*27 

7 - '6-1 

68-.1 

21 qoo 

0-475 

^^79 


For the second pass, wc put ™ 7' 164 the value of tlic speed 
at the end of the first pass. 

Tabulated results, for the second pass, arc as follows 


Time in 
Seconds 

(0 

R.p.m. 

Torque 

Ib-fl 

e J 

0 

7-164 

60*4 

21 400 

l *000 

0*300 

7*050 

67-5 

30 000 

0*965 

0*600 

6*910 

66-0 

39 000 

{)*928 

0*900 

6-790 

64-7 

48 000 

0 ' 8<)0 

I '200 

6-690 

63-8 

54 000 

0*865 

i ’525 

6*570 

62*0 

62 000 

0*827 


c = acoQ - 

here Tg ==2-58 X 10^ 

- fOo- 7-48' 


II.|), uf 
Motor 


.11)0 

r) 9 « 

G5() 


T, 

2-58 X 10® 

4.-75 X 10'* ^ ° ^ 


«'!-- = 7 ' 164 - 3-68 = 3-484 



Also 
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a = 


47500 


67 855 


cuq — (Of 0-7 

In ihc iiilerval of the second pass, we have 
and /= acoo- 

4000 

v^i) — 

CU2 ^ 6*57 

and 0) — 7-421 — 0-85 


f T 

a » 7-^ V 0 fJ /I ^00 


X 0-7 = 7*421 


Tabulated results for the interval after the second pass are- 


Time fiom 
Commt*i\ccm('nt 
of Second Pass 

(0 

R.p.ni, 

Toiquc 

Ib-ft 

r->-« 

H.p. of 
Motor 

in Seconds 






U'ono 

' G-Ci() 

C> 3’3 

f)R 30 {) 

0-043 

700 

3‘oo(> 

G-7 i() 

G,f,i 

G,|lt 

f)i 700 

o'Bijy 

(>32 

<1 000 

G'7t)() 

4(1 31)0 

0-733 

r) 7 <> 

'i'OOiJ 

C'()7i 

<>riT) 

41 ioo 

O' (>46 

313 

G-fjijrj 

7'017 

() 7 *o 

V 3V> 

o'-tTf) 

300 


Thc average speed dining the first pass (from equation (7»2i)) 
= — 7*07, and average speed, in 1 evolutions per minute, in 

the first pass — 67-5. 


The motor torque, at any instant of the pass is, 

r= • 

and tlie average torque, during the pass. 



{7.46) 


( 7 ' 47 ) 
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For the first pass 

av. T = 2-505 X 10® H- (0-54 X 10“ X 3-62 X 0-855 

- 0-54 X lo® X 3-62) X -i- 

== 27 500 ib-fl 

The results, for the two passes, arc shown in Fig. 7.2. 


Constant Output in the Passes 
The power equation for the pass is 

Tft) + /-~to = . 

at 

where W — constant power in the pass 
As before T = ao)^ — am 

/, aoxjo^ — aco^ — co — W . 


dt = 


Imdo) 


— aco!^ — W 


I /(rtcoo — 2 ao))d(jiy , I m^^dm 

^ ^ ri/H” 


2 a — ao}^ ~ W 2 [amiOQ — ~ I V) 

dm 

a(o(ni;^—a(o^— \V 


I = - — log (acowo-«"“- f'lO + 


( 7 - 4 «) 

( 7 -' 15 )) 

( 7 - 50 ) 
{ 7 - 51 ) 
1 C 


/ = — — log [ao) 0 )Q — a(o^ — JV) 


Icoq 


2 a 


/if ^ 

N a A. 


t lan*”^ 

2 


(0 — iojQ 

/M' 


• ( 7 -r)a) 

1 (' ( 7 - 53 ) 


When ^ — 0, 0) — (0|, 

0 — ~ log {acoQO)^ - acoi^ — IF) 


Iwq 


2 a 




lan*~' 


0)i^ 


la 4 


-i f-' ( 7 - 5 . 1 ) 


C" = — log — W) 


+ 


Icon 


2a 


fw_w 

V a A. 


tan 


1Ff) 
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2 a ° \ ao}ffiy — awr ~ W } 

^"0 \ _ /J^jzi 

(VF 


, jw 

N a 


2a /if V 


lan-i _ tan-i i 


co^ |coo^\-) 
2 


4 


^57 


(7‘56) 


In passes, the last term is usually negligibly small and, where it is 
not negligible, the inverse tangent can be expanded and an approxi- 
mation obtained. 

Qa V aconco — , 


then 


i.e. 


Put acoQa)i — acoi^ — PK rf 

d 


a(i}Q(ji} — flo)® — W 
m 


O) = 


(10)^ dz 


J a^(o^ 


Qd 


! _ ha 

• (7-57) 

-w) ‘ 


f ~ . 

■ (7.58) 

-w. 

• (7-59) 

2 at 

1^0 

• (7-6 o) 

~2(d 

-|- (le ^ )a 

• (7-6 i) 


Equation (7.61) gives the speed at any lime t from the com- 
mencement of the pass. 

The oulpiil of the induction motor, dining tile pass, 

-= ir-i- .... (7.C2) 


and 


(ho 

(ft 


(U 

2a(le ^ 




Hat 

4 ( ir -I tie ! )a 


■ (7'63) 


The inotoi outpul can Urns be clclciininccl for eoiistaiU Inlal 
output in the passes. 

In the interval between the passes, the power equation is 


I(«- To> 


. (7.C4) 

where 1(0 = fiiclional power, which is assumed to remain constant. 


The Case of the Automatic Slip Regulator 

We will now consider the case of a rolling-mill cycle, in which an 
automatic slip regulator is introduced at a predetermined value of 
the load, An induction motor, of the slip-ring type, whose stator 
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is excited from the secondary circuit of a series transformer, the 
primary of which is inserted in the leads to the motor, is used for 
operating the electrodes. The movement of the rotor is resisted by 
means of a spring. As the current in the leads to the stator of the 
main motor increases, the current in the induction motor of the slip 
regulator increases. The torque varies as the square of the current, 
so the displacement of the rotor will vary as the square of the current. 
A lever, attached to the rotor of the regulator motor, moves the 
blades of the liquid resistance switch in and out of the liquid, thus 
varying the resistance in the main motor circuit. An increase in load 
causes the blades to leave the liquid partially, and thus to increase 
the resistance and slip of the main motor. We will investigate 
shortly the law, according to which such regulators should be 
designed, to meet the objects in view. Unlike the case of permanent 
resistance, the torque of the induction motor remains constant, or, 
at least, this is the condition to be aimed at, since the current to the 
motor remains constant, if this condition is fulfilled. 

Taking the case of a continuous mill, with constant total torque 
in the pass, our torque equation is — 

r- - r. . . . . (7-65) 

Tg = constant total torque in the pass, and the other .symbols have 
the same significance as before. 

do} T- Tg 
(ii I 

+ C . . . ( 7 . 6 G) 


When i = /i, the time when the slip regulator comes into action, 
let 0 ) = coj, 




• (7dl7) 



. (7.(38) 

and 

T— T 

(0 = CO, -1- y-J { 1 - /,) . 

• ■ (7-C9) 


coi is easily determined, for it is simply the angular velocity, in 
radians per second, when the regulator comes in* 

It^ will be seen that the relation between angular velocity and 
time is linear* 

In the interval between passes, our torque equation is 

(let) 
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whci'c Tfl = friction torque 

» = . . .(7.71) 

When t = the time to the end of the first pass, (o = Wj, 

. . . (7.72) 

F=(a^~ h ■ • • ( 7 > 73 ) 

Therefore, co in the interval 

= wa -I- i^-k) ’ < • {7'74) 

The power of the motor, at any time during the pass, with the 
regulator in 

= Tco= Toy, + T (l- k) ■ • (7-75) 


The average speed in the pass, during the time the regulator is 
in action 


= + CO2) 


where co^ = angular speed at the time of entrance of the regulator 
and a»2 — angular speed at the end of the pass 


i |w, -I- (», 


+ 


T, 


f (k-k) 


>i -I- j- -3 - - 


In the interval, the torque equation is- 


• (7-76) 

• (7-77) 

• (7-78) 


where Tq — frictional torque 

It is interesting to enquire what values of rotor resistance are 
required in order that the torque of the mentor shall remain constant, 
The torque, in synchronous watts, 


If T = motor torque in kilogmmme-vieUeSy then 
^". 9 - 8 1 - ^ s'^L^^oy^^ • 


• (7-79) 
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where — number of rotor phases 

= rotor resistance per phase H- external resistance per 
phase 

= volts per rotor phase at standstill 

T(a,^-^\R^— — 0 . (7.80) 

mJL^s d:: sV ~ 

19-62 Twj 




• ( 7-80 


where Wq = 2 it x supply frequency 

o), = synchronous angular velocity of the rotor in radians 
per second 

jQS2Ta)^ 


(7.82) 


Since 


R. 


s = 


(O,-- OJ 


CO, 


cos — CO =fc 386T2mtj2co/7;^2| 

1 iq-GqTo)^ j 


CO, 


(7-83) 


/. 7?2 

— ~ — h) + 




<>K 


m 


il: - 385'r^ro'o2o;,^/.o‘^ 

ly'G^Tfu^ 


{7*84) 


Equation (7.8.J) gives the value of tlie total resistance per phase, 
required for constant torque, at any time during the pass, 

^0/^, Since 

“ X revolutions per second (synchronous) =: frequency ~= f 


revolutions per second (synchronous) 


2/ 


where p = poles 


0)^ = 277 X synchronous revolutions per second = 


4^/ 


2a)n 


. (7*85) 


It is clear the resistance should be directly proportional to the 
slip for constant torque. 
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Continuous Mill with Automatic Slip Regulator and 
Constant Output during, the Pass 

The power equation is — * 

Toi~I~M=W 

W = constant output during the pass. 

luidm 

T^W ^ • 

W \t I T ^ ~ 


IW , (T 
T? log ( 


(o — I ) + a> = / 


( 7 . 86 ) 


( 7 . 87 ) 

( 7 . 88 ) 


( 7 . 89 ) 


To determine C, put / = /j, then o) = Wi, the speed at time 
when the regulator comes in — 


_ , IW. (T \ / 

c -I- Yi log (tP ' J + • 

IW (T \ I 

C = Yz log C0| I j T Y ^'-*1 


(7'9o) 


/FT, \FI 
^ 7-2 og / 7" 




-I- y (w - COi) - 1 - . (7.92) 


^ = rl log \ I + 


(OJ — W() 




iixpanding tlie log, we have- 


log I -1 


^ r ^ 

w («> - «>l) 




-!- -^(w- wj) -1 /, (7.()'t) 


(fo-OJi) 


■ff/"!- I 


a T 


jpwi- I 


+ . . . etc. 
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The second and higher powers are negligibly small. 


IW 


T ^ 

fj/ “ "0 
__ 


I -h (w - Wi) -I- /j 


and 


( 0^(0 


‘+(7-7^ 


( 7 - 94 ) 

( 7 - 95 ) 


If, as is sometimes the case, is fairly large, it may be necessary 

to take the second, or even the third power of the expansion of the 
log, and these will give a quadratic and a cubic equation in oa, which 
can be solved by the usual methods. 


Example on Steel Tube Mill 

This is an admirable case of the application of the automatic slip 
regulator, for the passes and intervals are relatively long. 

The cycle consists of one pass of 45 sec and one interval of 75 sec. 
The total torque required in the pass = 26 000 Ib-fL 
The friction torque =2100 Ib-ft. 

The speed of the mill is 150 r.p.m. 

The motor is geared to the mill shaft, and the reduction ratio 
is 3^23. 

The total torque-time in Ib-ft/sec ^ 26 000 X ^15 -j- 2100 X 7f) 

^ 1-327 X 10^ 

rni * 1 1 I’327 X 10“ 

The average torque in the cycle 

1 1 -Of) X lo-'^lb-fl 

To find the size of the flywheel, wc proceed as follows — 

Let I = moment of inertia of the flywheel in Ib-ft^ 

coi == angular velocity, in radians per second, at the beginning 
of the pass 

0)2 = angular velocity, in radians per second, at the end of 
the pass 


The energy given out, by the wheel, in the pass 
where = 51-8 radn/sec = 495 r.p.m, 

450 


a>2 = 27r X 


60 


47*1 radn/scc 
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The torque given out by the flywheel in the pass 
26 000 ~ 1 1 050 


163 


3'23 


4640 Ib-ft 
475 


■|/(5r82- 4.7-I2) = 4.640 X 27r X ^ X 45 
i = 45 000 Ib-ft^ 

Average liorse-power of the motor 
_ 1 1 050 X gTT X 474 


3-23 X 33 000 X 0*95 


=: 326 h.p, 


This, of course, will not be the rating of the motor* The motor 
will be required to be put in for the r.m.s, brake-horse-power over 
the cycle* We have seen that the speed line is a straight line, after 
the regulator comes in* Before its introduction, however, the motor 
is working with permanent resistance in its circuit, viz. its own rotor 
resistance. Applying our equations, wc have 


oj — - 4- 
a 




c j 3 

- = CO, - — 


277 ’ 


I? 

a 


">() = 500 X = 52-4 racln/scc 


T, 


a 


T, 


(Ort — ( 0 , 


60 
26 000 

Hor.0 

3*23 

1 1 050 X 60 


277 / 


- 2180 


Natural slip at lull load ~ 3 per cenL 
c 8050 


52*^] 


2180 
a 2180 


- 52-4 — 3-69 = 48-71 
~ 0-0485 


I 45 000 

The time to reach full-load torque i.s given by the equation — 

_ 

50-85 = 48-71 + 3-09C ' 

I = 7-6 sec 


for 


50-85 = 48-71 + s-oge-oo'si*' 
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The torque equation, for the beginning of the pass up to the 
point when the regulator comes in is — 

= 8050— 2i8o(5I’8 — 

=== 8050 — 6745(?'' 

The results, for the pass, are tabulated bclow^ — 

Time in n „ ^ Toimic IT.p. of 

Seconds ,-0 0186^ 


Time in 
Seconds 

to 

R.p.m. 

0 

5 I'8 o 

495'0 

2*0 

51-50 

493*0 

4*0 

51*25 

490*0 

6‘0 

5i‘or 

407*5 

T. ♦ 

Reg. comes m 

50*84 

485*0 

45 

47*91 

457*0 


When the regulator is in action, the speed falls in a linear 
fashion and rr* ^ 


T^T, 


o) = cuj -| j ~ {I — q) 

therefore, at the end of the pass 

n . 3390—8050 

CO = 51-8 + X 37*5 = 47*01 

45 000 ^ ^ 

In the interval, the speed rises in a straight line, the Lor(|uc 
remaining constant, till the natural torque-slip curve of the motor is 

5 -ki 

^ - d; 

0, 5; 

<0 y ^ 

430 400 Jd O'^id^ A =^= =»=astsr=^a=t ^ri — — ^ fa 


4 ao 300 eo)kio^\ 


470 zoo 40m^ 


460 wo zom ^ 
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reached. This is seen in Fig, 7.3. Any further increase in speed, 
beyond that corresponding to the natural slip of the motor, results in 
a reduction in torque and our speed and torque equations, from this 
point, are simply those for permanent resistance, i.c. the resistance 
of the rotor windings, viz. equation (7.28) and (7.43). 

In the interval, the speed rises according to the equation 

T— T 

CO = ft)a -h {t ~ /a) 


^ ^0 ^ 3390 — 650 

dl I 45 000 


o*o6i 


I’he speed of the motor, at full-load torque, 

60 


= 27r X 


50’84 radn/scc 


Increase in speed from the etui of the pass 

= 50-84 — 47-91 = 2-93 radn/scc 
Therefore, time to reach the natural torque-slip curve 

= =. q8 see 

0 ‘oGi ' 

The remaining 27 sec is taken ujj on the pcnnancnl resistance 
of the rotor. 

The equation 

/ , / -A, 

a ' \ ^ a) 


applies to this j)criod. 


()f,0 


J To 

- -- «„ — ')2-2'i — -= rji-qr,.! 

a " a ’ •' 2180 

Wjs ^ 30-84 


0 )., ] • I 14 

“ a ‘ 

'I'abulating the results for the 27-.sec interval, we have - 


'Tiniryrowi 
ij B set 

w 

R 


'I'oiqut! 

ii.p. 

in intciVtil 


.... 

0 ()(if> 




r,I-024 

.(UO-o 

0 Baa 

yBfjO 

2(),| 0 

51*117 


()- 7 ,i() 


229 n 

10 

f>[ 270 


()•()[(> 

2 1 30 

IC)l)r, 


51*3^0 

4 c )(>-3 

0*51 0 


I?*'") 

17 

r)''i6r, 

491 •() 

<>M 33 

1700 

1 r,|i.5 

27 

51 ().(U 

-IW" 

()-275 

lytH 

lU.J'O 


12— (1.591) 
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The coiTesponding torque in this period of 27 sec is 



= 650— 2 i 8 o (— ** 

— 650 -|- 


These results arc plotted in Fig. 7.3. 


R.M.S. H.P. 

Let /j = time in pass, until regulator comes into action 

<2 = time till the end of the pass, from beginning of pass 
= time in interval that the motor is on the regulator 
ti = time till end of cycle 


The power, in the period 
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The power in lime 

r,o, -I- (/-/,) 11 , 

T'^ __ 7 T 

- Troi 1- ^ 

' * 7^2 \ 

= Th»^^ -I- 2 7" ^ "j «>^{l - /,) 

( T 2 ™ TT \ ^ 

/ «j 2 //, + < - 2 } 



( 7.‘)»1 


f 7 -‘);)) 

( 7, U)o) 

(7.101) 
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= rv(/.- 0 + -«i2r W^-k^t 


+ 


T^~ TT^V 


7-2 _ XT, 


t\-\- iM . (7.102) 



•)[i^2“+iV-y2] 




• (7-103) 


A corresponding expression for the interval — /g as this applies, 
and a similar expression to the first for the last part of the cycle. 
The speed in the third part of the cycle 


CO = CO. 


and 

and 


W, 


+ {^^){t-k) - . ( 7 -« 04 ) 

Tw = r + (-^—7-^) 0 - k) • (7- >05) 


= TW(k~k) +2^2 -i- 


M'2| 


-/3%4-/2%I • (7-I«^) 


Again for the last period 

ft) = /-I- (tOg . , . (7.107) 

and ihc torque = Tq — a «’ ' * 

and = T<o 


f// 


(7.10B) 


It will be noticed that this is the same product, in form, as for 
the first period, and one should substitute, in the expression for tlic 
A > c 

first period, Tq for Tg,^ for and cog for coj. 


Tlic r.m.s. power 


JN'KiV/ +j^'hk^dt 


(7,109) 
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It is simpler, in any given ease, to square the ordinates of power 
at each point, and find the area with the planimeter. Then find the 
mean of the squared ordinates and take the square root. 

The Ward -Leonard System 

Consider next the ease of the electric winder, operating on the 
Ward-Lconard system. The induction motor is provided with a 
flywheel on the shaft, and an automatic slip-regulator in the rotor 
circuits. 

Fig. 7.4 gives the winding diagram for an electric hoist. 



Lcl = 

- output at B 



h 

- period of acceleration in seconds 


Then 

To) ~ 

r ri' ^ 

'•••Tr'" T.- ■ 

. (7.110) 

and 

1 — (0 

, 'V 

1 

1 

1 

t* 

• ( 7 -ii 0 

Tf Wo — ''>/’ 

rOj) — (t)f — o)i- 




a./o- - 0 ) = ri/ . 

• (7-II2) 

wlicrc 

]V 

Iti 




K- 

^'^0 ... Tj _ 

■ (Of)r ^ (wq— w/)/ 

• ( 7 -” 3 ) 
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The solution of equation (7.1 12) may be obtained, approximately, 
thus — 

Let CO = a when i — 0, and let (o — so that m = a when 
t = 0. 

dco dll , , , 


d(o du 

ft) -^ = tt ^ e — a^tre 

du 


• (7- 1^5) 


~ ^^17 + a2U^e~^‘^ = c^t . (7. r 1 G) 


and 


dt 

axwe""** — • 

— Cyt ~ II ^ €"^‘1 . 

~ = «/'•' — - f2«,< ^ / 

dl ' u 


Expand u in a series of Elaclaurin 




« =/(0 =/W + tf'{o) -I- |~/"W + 

/(ft) = a 


(7- 1 17) 

(7.118) 

(7-119) 

(7.120) 

(7.121) 


./ '{») = «i 

y"(/) = a ®"8£1 x,2«.c ^ ‘ 7a _ 0 

^ ‘ If 11 H- \ ‘ it I 

. (7.122) 

./"(«) = «i«2 -- 7 • • • (7-'‘-^:0 

/. (0 " . (7,i'^.|) 

= (?-">' |« + ay — I ^7 — aiftijj /' -I . . .| . (7.125) 

Tliis expression represents the manner in which tlic speed of the 
induction motor falls, duniig the acceleialitig stage of the wimliiig cyde 
of the d.c. motoi. 

We will find the speed and output of the induction motor dining 
the remainder of the cycle. 

The power equation is 

Tco-z—ft, = a 

di 


(7.126) 
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where C = rate of increase of power with time on the accelerating 
part of the curve (i.e. the part AB in Fig. 7.4.). 

In this part of the cycle, the torque of the motor is constant 

^ ( 1(0 Toy C 

+7' = ° • • • (7127) 


Let 0) — vi. 


( 1(0 (h , 


then equation (7.127) becomes 


nr -j- vH ~ -j vl -[■ -j t = 0 




T . C 


(7.128) 


7 T 'C I • 

V-jV+j 
-j ™ /; and j = d 


y- — V 


cr-!,. 


1 ' {2v — h)(lv h j* 

2 ^ D* — hv ■\ d 2 J 


vdv 

- hv -1 d 
dv 

■ hv I d 


( 7 -I 29 ) 


(7-130) 

( 7-130 


^ loR (f’“- hv I d) - I h (7.i<i;^) 

The latter integral has clifferenl forniSj dejKMKling on whether 

.1^/, i.c. J, . •'; 


Obviously > qrf, for 


T(n _ I do) 
i ' t dl 


(! T o) (I) del 

r ~ I t ' 1 dl 
> .] 7" f» .| o)doi 

7 ** < I 1 ~ Idi ' 


• (7- 1 34) 


• ( 7 -i 3 r)) 


but I-, - usually > T 


(7-136) 
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d<o T T 

j-m I 

Toi ^Toi 

7^ + 4'" IT > IT ■ 

ll-^£ 

I ' 


r dv 

1 

dv 

]v^~bv-{-d~ 

t 

(.- 

1 

1 

T-tSW 

1 





V 

1 

1 

H 

i 


(7'i37) 

(7-138) 

(7-139) 

(7.14.0) 


(7.14.1) 


log^^ = — ^ log (o® — io H- d) 


-h 



COtll“^ 


{v -\h) 

Vib^-d 


+ K 


(7-M2) 


When t — t-y, the lime when the I'egulator comes in, w 




= coth“*^ 
d 


\/\b'^ - d 


= w„ 


(7->.13) 



We iiave, appi-oximatcly (neglecting the second term) 



(7-145) 


2 
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This equation holds up to the peak. The output is constant from 
C io D and our equation becomes 

T(o-I^(a=^ E . . . (7.146) 

where E ^ constant output 

This equation is similar to equation (7^86), and is solved in the 
same way. 


Speed Control by Pole-changing 

o* 1 t , 130 X frequency . 

Since the revolutions per minute = i ^ p-, it is clear 

^ number 01 poles 

that speed change can be obtained by changing the number of 
poles. This may be effected by a regrouping of the coils of a single 
winding, or by using two or more independent windings. For speed 
ranges of 2 : i, this type of motor, using a single stator winding and 
a squirrel-cage rotor, is commonly used. There are a number of 
different ways of connecting the windings of such motors; the 
selection of the connection, in any case, depending on the relative 
maximum outputs required at the two speeds, The connection most 
frequently used, and in which the material is used to the best advan- 
tage, has a half-speed rating of from 60 to 70 per cent of the full-speed 
rating. The following table gives several different connections, which 
may be used, with the approximate relative outputs for the difierent 
connections — 


Speed 


Connectioti 


Appioximate 

Maximum 

Output 


w I 
w I 
b> I 
(0 I 
('.) I 


a cueuit A 
y^A 

'1 ciicuii Y 
I nieuil Y 
a cu< uil Y 
I rucuit A 
I euruit A 
y ciicuU Y 
I (lITUll Y 

li rirciut Y 
Y-A 

‘ 2 . eitcuil A 


luo 
1 1 
100 
'22 
100 
01 ) 
100 
II 7 

IOC) 

)o<) 

700 


The values arc iipproximale only and will vary with the ratio of 
reactance to resistance, and also with the ratio of end connection 
reactance to the slot reactance. The method of pole changing is 
very simple. It is to reverse the current in half the winding for the 
smaller number of poles. The following diagram shows how it is 
done for four poles and two poles. 



1 74 THE im UCTION MOTOR 

Fig. 7.5 shows a winding, for one phase, arranged for four poles* 
Fig. 7.6 shows the regrouping effected for two poles* 

For the smaller number of poles it will be seen that one terniinal 
is connected to the mid-point tapping and the other terminal 



U 

y 

y 

i 

: j 

< ) 




4 poles 


r, 

2 poles 



Fia. 7.5 Fjo. 7.G 


A^WWWW^^WM^1 




{a) 8 poles 



(b) J poles 


Fig. 7.0 


of the winding is connected to the lead which joins the beginning 
and end of the winding together. If vve wish to keep the same 
number of coils in scries, in each case, the winding may be arranged 
as in Fig. 7.7, 

In Fig. 7.8 and (b) the winding is connected in star for the 
larger number of poles and in two parallel star for the smaller 
number of poles. In the case of a single-layer hemi-tropic winding 
for eight poles, each phase will consist of four groups of coils, two 
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groups straight and two groups bent, straight and bent coils alter- 
nating» Alternate coils arc connected in series, i,e, two straight coils 
are connected in scries and two bent coils are connected in series* 
For the eight-pole connection, the circuit is completed in scries 
through the two bent coils of the same phase and a tapping is 
brought out at the junction of the straight and bent coils* A similar 
method is adopted in regard to the other phases* This method of 
connection is necessary in order that the direction of current in 
alternate groups of coils may be reversed when the two halves of 
each phase arc connected in parallel* 

In order that the direction of rotation shall remain unchanged 
when the poles arc changed, two of the phases must be reversed in 
relation to the line wires, with this connection. The larger number 
of poles is obtained by connecting the line wires to the ends of the 
winding; while the smaller number is obtained by connecting the 
lines to the tappings, and short-circuiting the ends of the winding. 

The development of a tlirec-phase winding for pole-changing, 
according to Fig. 7.8 (a) and (6), is shown in Fig. 7.9. 

It will be seen from Fig, 7*9 that, with the smaller number of 
poles, certain conductors, at the centre of each pole, carry currents 
in the wrong direction. A part of the winding is ineffective. For 
this class of winding one-third of the turns per pole are iiieffectivc* 

Let T = turns per ))hasc for the larger number of poles 
/) = poles 


For tlic smaller number of j:)olcs, i.c. the effective turns per 
phase will be ^ 


I 

•2 


r A 
p 



Ratio of Fluxes and Magnetizing Currents 
Let R counter c.m.f. per phase — V 

(f) ™ maximum flux per pole for larger number of poles 
(p - = maximum flux per pole for smaller iiumbci ofjxdes 
f frccjuciicy 

Ii\ - breadth factor lor p poles 
A 2 — breadth factor for^ poles 
A3 coil span factor for p poles 
== coil span factor for ^ poles 




4 poles 
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Then for p poles 

= Vstt X X X $ X T Xf X 10-* 

for ~ poles 

~ Vstt X X X $' X -^T X f X io“® . (7.147) 


Let yj = span of the coil, in electrical degi’eesj for the smaller 
number of poles yi — 90°, corresponding to half-pilch 


^4 



sin 45° = 0*707 


(7.14.8) 


and since 


E,^E,^V 


<P 

? 


JL 

12 


X 0*707 = 3*4, . 


* (7*149) 

• (7*150) 


The area of the pole face is doubled, so the flux density in the gap, 
with this connection, is 17 times that for the larger number of poles. 

If one neglects saturation, the magnetizing current is propor- 
tional to the gap density, and inversely proportional to the turns 
per pole per pliasc. 


and 


r * r. r 

j) ' ' 12 f) 

_ I 

BJ “ I •7 


I 2 

V 

'•7 


5 X <*7o7 

12 


- 0*347 * 


• ( 7 *h 50 


(7*15^) 


ij - 2*8B/„ 


(7*155) 


Careful attention must be paid with this nicdiod of ( oiiiiec lion, 
viz. star for larger number of poles and two pai.illel st.ir foi the 
smaller number, to the aicas of cote and teeth, ifsaUuatu>n is to l)e 
avoided on the smaller number of poles. This method ol coiiiietlion 
is not a good one and it is picfcrablc lo use — ■ 

(1) Delta connection for the largci number of poles, 

(2) Two parallel ebeuiis pen phase in siai for the smaller numlicr of 
poles, 

With (i) delta connection for/^ poles and (2) two paiallel star fur 
- poles. 
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For the larger number of poles 

(3) X rx/x X ^3 X lo-s . (7.15-1) 


(4) For ^ poles 


^ X — ^ X 0707 X/X 10-8 (7.155) 


12 


9 5 X 0707 X 


^ = 1 'q 6 


• (7-156) 




Fio. 7.10 


and 


Since the pole area is doubled, 

B „,' = 0-9871 

j„, _ 2 X 0-707 X ^ 
■ ■ 0-98 


0-6 


iJ = I -66/,, 


(7-157) 


This method of connection is preferable, since the performance 
is better and the motor can be made smaller in external diameter, 
and lighter than one connected as in Fig. 7,8. It may also be men- 
tioned that, with the machine dclla-conncclcd for the larger number 
of poles and star-connected for the smaller number of poles, no 
reversal of line wires and phases is necessary. This connection is 
shown in Fig. 7.10 (a) and {l>). 

The wave form of m.m.f., on the smaller number of poles, is 
very irregular, giving rise to harmonics of large magnitude, especially 
when the coil pitch is chosen as full pitch for the larger 
number of poles. It will be shown, in the section on the revolving 
field, that in three-phase machines the fifth harmonic, the eleventh. 
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etc,, travel in the opposite direction to the fundamental, while the 
seventh, thirteenth, etc., revolve in the same direction as the fimda- 
mentah These harmonic fluxes produce torques, by interaction with 
the currents in the rotor of corresponding frequency, and they modify, 
profoundly, the resultant torque-slip curve of the motor. The 
torque-slip curve is no longer smooth, but contains saddle-backs, 
and it may be that the motor may fail to accelerate to full speed, 
Indeed, the motor may run steadily at a sub-synchronous speed, 
and get very hot in the process. Furthermore, noise and vibration 
may be caused and, of course, excessive iron and eddy-current losses. 

It should also be mentioned that, where separate windings arc 
provided for the difTcrcnl pole numbers, the size of the motor is 
increased appreciably and, of course, the power factor falls greatly 
on the slow speeds. 

For large speed-ranges, the control arrangements for changing 
the coil gi'oups become complicated. 

The problem of multi-speed motor design is so to arrange the 
^vindings that the change of connections, in changing from one 
number of poles to another, involves the least number of switching 
arrangements. 


Speed-control by Cascade Connection 

Assume that we have two induction motors, mechanically coupled 
together, and let the rotor winding of tlic first be eoiincctcd to the 
stator winding of the second motor, and the rotor winding of the 
second cither shorl-circuitcd or closed through (wtcrntil icsistance. 
If the fields rotate in the same direction in bf>th machines, the set 
will run at a speed corresponding to that ofa motor having a miniljcr 
of poles equal to the sum of the numbcis ofpolcs in the two iiuuhincs. 

Let py = number of poles in the fust machine 

p2 - numbci of poles in theseiond machine 

f ' supply frequency 


The synchronous speed of the first iiKuhiiic, in revolutions per 
second = “ 

Pi 

The synchronous speed of the second machine, when supplied 
at full frequency = ^ revolutions per second. 

= slip of the first machine, then the speed of machine No. r is 

2/ 

[i — s) revolutions per second. 



i8o 
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The frequency of the rotor currents of machine No. i is j/J and 
this is the frequency of the stator currents of machine No. 2. 


when 


i.e. 


i.e. 


Let s' = the slip of motor No. 2 

2^ 

Pi 


s i — s 
_ /■'a Pi 

s''"’ 

h 

The slip of the second motor, s' ~ 0, 
s I ~ s 

Pi ~ 7r 

s /;, 

•f ' Pi 

• 

^ Pi 

1 Pi I Pi 
•' Pi 

s - . 

Pi I Pi 


(7-158) 

(7-159) 

(7.1G0) 
(7-181) 
(7- >82) 
( 7 - <83) 
(7.i(i|) 


The speed of the set, when s' 0, in rcvo)uliijn.s |)ci' .second, i.e. 
the cascade synchronous speedy 


= (i--0 




fi- 1’^ ) 
\ Pi -V pj 


X revolutions per second 


^ — 2/.. 

Pi -\- h 

That is, the set runs at a cascade synrhronou.s s]je<'d 

2/ 


■ ( 7 -i 8 r)) 


7 — ; — r- revolutions ])cr second 

Pi -1- Pi ' 

i.e. corresponding to a motor having a number of poles equal to the 
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sum of the number of poles in both machines. Thus, if the 

set will run at half speech 

If the fields arc arranged to rotate in opposite directions in both 
iTUicliines, then the speed of the set is that of a motor, having a 
number of poles equal to the difference of the numbers of poles in 
the two machines, 


i.c. - — revolutions per second . . (7.166) 

Ih Ih 

The Cascade System of induction motor control is shown in 

'‘Phe method of building up the circle diagram for two motors in 
cascade is shown in Fig. 7.12. 


Main Motor Ehotrh Auxiliary Motor 



The calculation of the peiTormanee of a cascade set is best 
eircclcd by the aid of complex c|uanlities, ( )ne starts with ihe c ui 1 cnl 
in the rotor of llie auxiliaiy motoi and works l)a(:k to tlu‘ piiinaiy 
(^f the fust machine. 

het f. back c.m.f. generated in the second motoi totor bv tlu* 
flux linking both statoi and totor, at jull pcquvmy 

A. I leakage reactance of the auxiliai y rotoi , at full fi'eqiKau y 

/j ^ lolor current of the auxiliaiy motoi 

1 — slip of the fust motor 

a ratio of number of poles 

Ih ^ 

where p.^ = number of poles in motor No. q 
p^ = number of poles in motor No. i 
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The relative speed of rotation, with respect to the field in the 
auxiliary machine, in revolutions per second 




Fio, 7.12* Standard Circle Diagram for Two Induction 
Motors in Gascadr 



Fig 7.13. Equivalent Gircoit for Two Induction Motors in Cascade 
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The frequency of the rotor currents in the second machine 




=f{s~ (I — .1)4 =./{ 4 i + a) — 4 
= •^2/ (7-167) 



i'2 ^ (l) ^ dm 

(--—1 

Thus, J2 = j X / = J X — — I + a) — a . 

h 

s = slip of machine No. i 
s' — slip of machine No. 2 

I = -^2^ 

‘ >i +N2^'4 

— roto) current in motor No. 2 


(7.168) 


(7.169) 


where >4 = resistance per phase of rotor No. 2 

.V4 — leakage reactance per phase of rotor Xo. 2 (at full fre- 
quency) 

£ — e.m.f. generated at standstill in rotor No. 2 

I 

* '4^ + ^ 2 %^ '4^ + 

= £(a-j 4 . 


where a = 


• (7-170) 

• (7-171) 
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Now if ^2 ~jh exciting admittance of the second motor. The 
no-load current 

fp, = ^'(s2-A) . . . (7-172) 

The primary current of motor No* 2 

'3=— + ^., • • • ■ (7-173) 

(K2 

where ag — ratio of transformation of motor No, 2 

and £' = £ X ^2 . . . » . . . {7. 


Therefore^ primary current of motor No, 2 

/3 = -^^-^H-E'(g3-A) - -(7-175) 

= A (« -.;W + ^'(^2 - A) • -(7-176) 

^2 


£' = e.m.f. generated, in stator No. 2, per phase at standstill, 

h ^ E '{ x - jy ) . . - (7-177) 

a 3 

x = g2-\r—2 and = ^2 + fi - - (7- 1 7^) 

ag ag 

The voltage induced in the rotor of motor No, r, at slip .9 

= j'Eg ^ jE' + / j,Z . . . (7.179) 

where £3 — voltage generated in rotor No, i, at standstill 

and Z (;3 + -V js[x^ + x^) .... 

where — rcsi.stancc of rotor No. i, per phase 
— resistance of stator No. 2, per phase 

,V;j = leakage reactance of stator No. 2, j^cr 
phase, at full frequency 

,^2 = leakage reactance of rotor No. j, per 
phase, at full frequency 

£, = £'-1--?^ (7.180 


= £' _i, ^'(^~iy) {(i2 + l a) + js{\\ -I- -V3)} 

= E'{v + jw) 

xi >2 + h) + Din + -V3) 


y = I -f- 


W = x(X2 + Xj) 


Ah -h > 3 ) 


(7.182) 

(7-163) 

(7.184) 
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wlicrc «i == ratio of transformation of motor No. i 
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(7-185) 


The no-load current of the first machine 

= £a'(5i-A) - . . 

= £'{y 

= £'{/'- J?)- 

Now the primary current of the first machine 

I. =i + £'(/,_ . . , 

E' 

= E'{m—jn) 

X 

where m ^ + p , 

y 

The applied volts per phase of motor No. i 
V == E,' + Zh ■ 

== + ('1 

= ai£'(» -1- jw) + E'{r-i +jxi){m—jn) 
.^E'{r-\-js) .... 

V - £'(; +jj) 

V 


and 


7?' -- 




■ 

r\/m‘^ -h 

\/ I'i j* 


The power input to the set 

™ rciil part of V/^ 

= £'{(/ -|-»}£'(m H- jn) 

power input to tlic set 


/! 
+ s' 


2 ,772 


Volt-ampere input = V/j 

Torque of the auxiliary motor 


(7.186) 

(7.187) 


. (7.188) 

• (7-189) 
. (7.190) 

- ( 7-190 

- (7-192) 

- (7-193) 

- (7-194) 

- (7-195) 

• (7-196) 
(7-197) 

(7-198) 

(7-199) 


. (7.200) 

■ (7-20O 

(7.202) 

• (7-203) 

. (7.204) 
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Torque of the main motor, real component 

= (7>ao5) 

= -\-jy) . . . (7.206) 

{E'Y{vx—jw) .... (7.207) 

With two similar motors in cascade, the torque becomes zero at 
cascade synchronous speed. Above this speed, the torque of the 
second machine becomes a generator torque. Due to the reversal 
of the current in the secondary of the first motor, its torque becomes 
negative also. Above cascade synchronous speed the set acts as an 
induction generator. When approaching full synchronous speed, the 
generator torque of the auxiliary motor becomes very small and 
the second motor acts merely as an impedance in the secondary 
circuit of the first machine, which again exerts a motor torque. 
Thus, somewhere between half synchronous speed and full speed, 
the torque of the first motor becomes zero, while the second motor 
still gives a small generator torque. A little above this speed, the 
torque of the set becomes zero, and above this speed, the set gives a 
motor torque, although the auxiliary motor still gives a small 
negative torque. Above full synchronous speed, the set acts as 
generator but practically only the first machine contributc.s to the 
generator torque above, and the motor torque below full synchronous 
speed. 

With high resistance in the rotor circuit of the auxiliary motor, 
the set gives a generator torque above half synchronous speed and 
remains a generator torque at all higher speeds. Instead of con- 
necting the rotor windings of the first machine to the stator of (he 
second we may connect the two rotor windings in .scries, and inscit 
the resistance for starting or speed control, in the stator of (he 
second machine, and avoid the use of slip-rings. The phases of the 
second rotor must be so connected to give a direction of rotation of 
the auxiliary field opposite to the rotation of the set. 'With two 
machines in cascade, the first motor carries the magnetizing current 
of both machines. The total self-inductive impedance of the iwo 
machines is the sum of the separate impedances. It is clear, there- 
fore, that the dispersion coefficient of the set is practically four times 
that of one machine (assuming two similar machines in cascade), 
and, therefore, the power factor is rather low, even when each 
machine has a small number of poles. The output of the set, when 
running in cascade, is equal approximately to that of one machine 
at full speed. 

Cascade connection is used on the Italian railways. 

Combined with pole-changing it gives a variety of speeds and, 
of course, regenerative braking can be used, which is a very useful 
feature. By the combination of pole-changing and cascade connec- 
tion, one can get a range of speeds efficiently, but there arc wide gaps 
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in the speed-range and continuous speed changes, such as arc 
obtainable in the shunt dx. motor by field control, arc only obtain- 
able by other means. Attempts were made to combine the two 
cascade machines into one and Lydall patented such a motor in 
1902, in which the two windings were arranged in the same slots in 
stator and in rotor. The two sets of windings were wound for 
dissimilar numbers of poles, so that the stator windings were mutually 
non-inductive. The need to use deep slots to accommodate both 
windings caused a high leakage reactance and poor power factor, 
efficiency, and overload capacity. 

Hunt went further and substituted one winding to perform the 
function of two separate windings. The stator winding must be 
suitable for the circulation of two independent currents, namely the 
main current of the frequency of supply and also the induced currents 
of slip frequency. The connections were such that these slip- 
frequency currents could only circulate when paths outside the 
winding were provided for them. It will be seen that control of 
starting torque and speed is effected by the use of resistance, con- 
nected to the stator circuits. Thus, the use of slip-rings was avoided 
in some cases. Mr. Hunt, at the Lime of his invention, was duel' 
engineer of an important company, whose activities lay chiefly in tlu' 
manufacture of mining machinery, and it will be apprcciat(‘d that 
the elimination of possible sparking at slip-rings was a very desirable 
feature in machines operating in mines. Two sets of terminals wnv 
required, one set for connecting to the mains and the other set to 
the resistances. The main currents must not flow tlii'ougli (lu' 
external secondary paths and, therefore, it is essential to coniu'ct ilu' 
secondary terminals to two points, in the stator winding, betweeii 
which no “main*’ potential difference exists, A “])arallel-( ()nnected“ 
winding is necessary for the stator. 

There are two conditions to be satisfied, namely - 

(1) The numbers of poles in the two fields must be so chosen that 
their windings are mutually non-inductive. 

(2) The two fields, when superimposed, must not ))r(Kliic<^ an 
unbalanced radial pull on the rotor. 

These conditions arc satisfied when the two numbers of poles aie 
such that when divided by their greatest common factor the c|uoli(Mit 
IS in one ease even and in the other odd. Further, the greatest 
common fiictor must be greater than two. These lailes are not 
perfectly general, as has been shown by Greedy. Any two numbers ol' 
poles must be even and must, therefore, have a common fact(}i of 2. 
Hence their highest common factor must be a multiple of 2. I'his 
means that the two numbers orpaifs of poles must have a common 
factor. The circumference of the machine is divided up into two or 
more identical sections, so that any values of magnetic density, which 
occur at any point, also occur at a point diametrically opposite, or at 
other equally spaced points, according as the common fiictor is 
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2, 3, 4j etc. The rule for magnetic balance is: the two pole numbers 
must dilTer by more than two to secure magnetic balance. 

Mr, Greedy describes types of stator windings in which it is not 
necessary to have any common factor other than unity between the 




two numbers of pairs of poles, in which case both numlK'rs of p«iirs 
of poles must be odd. Tliis gives machines of higher speed than is 
possible with the Hunt lulc. 

7‘^5 '^hows the stator winding for four^ cighlj and twelve 
poles. The figures and letters, on the key diagram, coi respond to 
those on the winding diagram. 

Fig. 7.16 shows one phase of a pole-changing winding for the 
stator, suitable for four or eight poles. 
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Fig. 7.17 ahows the windings of one phase of an eight-pole stator, 
with, for simplification, one slot per pole per phase. Each radial 
pair of small circles represents the two coil sections, occupying one 
slot, and the crosses and dots indicate the directions of the main 
currents. The main currents produce eight poles and the coils must 
be so connected that currents, induced by a four-pole field, can 
circulate in them. This four-pole field is shown in Fig. 7.17, 








.'•J 

U 

■;! 

.1 


Four of the slots are opposite the pole centres and four arc 
situated midway between them. 

The e.m.f.s induced in the conductors at the centres of the poles 
will be in quadrature with those induced in the conductors midway 
between the poles. The coils arc marked A and B alternately, and 
all the induced currents in the A coils arc in phase with one another, 
and in quadrature with those in the B coils. Fig. 7.18 shows the 
key diagram and Fig, 7.19 shows one phase connected up to comply 
with this diagram. 

The main currents in the key diagram arc shown by arrows 
inside the windings; the induced currents are shown by the arrows 
outside. All the A coils are included between T and C\ and the 
B coils between C and the star point. 

The rotor winding is exceedingly ingenious. The ratio of the 
numbers of turns in the main and auxiliary windings of the rotor is 
I ‘73 to i‘0. This gives an auxiliary field with a flux per pole 73 per 
cent greater than that of the main field and a gap density of 86*5 per 
cent of that of the main field. The auxiliary magnetizing current is 
75 per cent of the main-field magnetizing current. With a given 
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stator winding the magnetizing current of the auxiliary field varies 
inversely as the square of the number of turns in the auxiliary winch 
ing. The rotor winding consists of a main rotor winding, connected 
in star, and an auxiliary rotor winding connected in mesh. 

Fig. 7.20 shows the elements of the two windings and the method 
of connection, 





^ 4 Pole STAR connected 

to 2 Pole STAR 



%\ {Cmt’0-678 

tnJI^and , 


^ ) Both roiaiing flux 
^ wauea shown separate 



4 Polo STAR + 
SPoloMBSH 

R.M,S, Currant 
Star « 0>707 
Mcah ^0 41 


Fio. 7.20. Cascade Rotor Winding 


Fig. 7.21 shows a cascade rotor winding for twelve poles. The 
main and auxiliary rotor windings arc superimposed to form a 
single winding. 

In order to show how this superposition and combination is 
effected, a four- pole and two-pole combination is shown in Fig. 7.22. 
This is merely for the purpose of illustration and could not be used 
in practice, but it serves as a unit from which to build up other pole 
combinations. 

The upper diagram of Fig. 7.22 shows the component windings 
for a four-pole and two-pole rotor, wound in twelve slots. It will he 
noticed that, in some slots, the currents arc equal and flow in 
opposite directions and hence neutralize each othci*. These con- 
ductors are omitted and the remaining conductors arc then con- 
nected up to form a resultant winding, which produces tlic four-polo 
and two-pole fields. Six slots have three bars and six have one bar 
per slot. The three bars are combined into two, so that one carries a 
double current and the other a single currenL In one set of bars the 
currents are V3 times the currents in the other bcirs. These bais, 
carrying the V 3 times the current in the other bars, arc then con- 
nected in star and supply the single current bars, which arc con- 
nected in delta. This arrangement saves 25 per cent of copper and 
reduces the inductance. 
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2 lower bon of wdg, 

1 fraoiionai pitch 
4 Pole 

Single layer 

2 Polo wdg. 


Fro. 7 . 23 , Diagrams oi* T , A Rotor Resulfant \ViNniN(i 


Fig. 7.23 shows the resultant diagram. 

The e»m,f.s in the mesh-connccted winding, due to the main 
field, are balanced by the e.m.f.s generated by the auxiliary field, 
and current can circulate only by way of the star. 



Fro. 7 23 


Speeds, other than cascade speed, arc obtained by bringing the 
ends of the mesh to slip-rings, which can be short-circuited. If the 
mesh windings are short-circuited, the motor will run as an induction 
motor having the main number of poles. The two-speed motor can 
be operated at a third speed, if the stator windings are so arranged 
that they can produce two different numbers of poles. 

Fig. 7.Q4 shows an eight- + four-pole stator winding, with two 
groups of coils in each phase, divided and the neutral point opened. 
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To connect this winding for eight poles, two groups of coils in 
adjacent sections are placed in series and then, by means of a suitable 
switch, the whole winding is connected in star. {See Fig. 7.25.) 
Fig. 7.26 shows the same winding reconnected to give four poles. 



Fig. 7.27 shows a cascade rotor winding suitable for four, eight, 
or twelve poles (twelve poles cascade). 

It should be noted that the cascade machine is essentially a low- 
speed machine and, as pointed out by Mr. Hunt, shows to best 
advantage when designed for speeds which are abnormal for 
single-field motors. 

There is a trend to-day, in marine work, to use alternating current 
on board ship, and the question of variable-speed motors for winches, 
etc., is a pressing one. The solution for many of these problems may 
be found in the use of a Hunt motor, combined with rcbistance in 
the secondary circuits. Another solution is the use of an induction 
motor driving McFarlane converters, each converter supplying two 
winches. 


Change of Speed by Varying the Supply Frequency 

Since r.p.m. = ^ it is clear that the speed may be varied by 

changing the supply frequency. The generators, driven by diesel 
engines or steam turbines, may have their speeds adjusted over a 
fair range, and the induction motors, supplied frorn the generators, 
will vary their speed as the frequency is varied. This is done usually 
on ships having an electric drive. On warships, where cruising and 
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fighting speeds are required, a low-fi'cquency generator is provided 
for the low-speed, and separate and more powerful generators of 
higher frequency, for the high speed. If it is desired to use all the 
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Fig. 7.26. CAsGAiJt Stator Winding SiiiiahU' igr Four Foils 


generators at the high .speed, then all that is necessary is to use 
motors giving the higher speed at the low frequency. 


The Kramer System of Speed Control 

In this system the rotor winding of the induction motor is connected 
to the slip-rings of a rotary converter. The slip energy is converted 
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into continuous-current energy, which can be given to a continuous- 
current network, or to a continuous-current auxiliary motor, 
coupled to the shaft of the induction motor* As the slip increases the 
power given out by the auxiliary motor rises by the same amount as 
that given out by the main motor falls. Thus, the sum of the outputs 
of the two motors remains constant over the whole-speed range, i.e* 
the torque varies inversely as the speed, This is a property frequently 
required in rolling-mill work* When working in conjunction with a 
flywheel, the requisite drop in speed can be obtained by a compound 
winding on the auxiliary d,c. motor* The auxiliary motor deter- 
mines the speed of the set. To lower the speed, the field of the d.c* 
motor must be increased. 

With the connections shown in Fig. 7.28 no special synchronizing 
gear is necessary. On switching on the excitation of the auxiliary 


Three -Phase 



Fio. 


motor and converter, the latter runs up to speed and falls into step. 
The maximum speed of the set is determined by the lowest IVcquoncy 
necessary for the stable running of the rotary converter. I'his i.s 
about 2 or 3 c/s, so that with a frequency of 50 c/s the highest speed 
will be about 4 to 6 per cent below synchronous speed of the main 
motor, or, if artificially raised above synchronism, 4 to G per ceni 
above this will be the lowest stable speed, If the voltage on the slip- 
rings becomes small, as compared with the ohmic clroj:), the converter 
becomes unstable. The power factor of the set can be made unity 
over nearly the whole range by adjusting the excitation of the con- 
verter. If the speed of the induction motor is very low, the cost of a 
d.c. motor, on the same shaft, may be excessive. It is preferable, in 
this case, to return the slip energy to the supply system, by means of a 
high-speed motor-generator set. The generator may be of the 
asynchronous type* For work which requires constant torque the 
latter method is suitable. 

The Kramer system is shown above in Fig. 7.28. 

It will be seen that this method of controlling speed is expensive, 
in that costly auxiliary machines are required* 
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VARIATION OF SPEED AND POWER FACTOR BY THE 
USE OF THREE-PHASE COMMUTATOR MOTORS 

Instead of converting to continuous current the slip-energy may be 
supplied to a three-phase commutator motor. This three-phase 
auxiliary motor is then coupled direct or by means of a belt-drive 
to the main motor. The diagram of connections is given in Fig 
7.29. 

According to the characteristic required, a series motor, with 
brush-shifting device, or a shunt or compound motor with voltage 
regulation is used as auxiliary motor. With this arrangement the 



Fio, 7 29. NnuTRALizEb Series-excited Three-phase A,G CoMiiuTATOR 
Motor and Connections 


output is constant for a given input, so that the torque varies 
inversely as the speed. 


The Scherblus System 

In this system, used by Brown-Boveri, the rotor current is led to a 
three-phase commutator motor. The latter is not coupled to the 
main motor but to a three-phase generator, which returns the slip 
energy to the line. The generator is of the induction type, running 
above synchronous speed. The speed characteristic obtained 
depends on the type of commutator motor, i.e. whether series, shunt, 
or compound. 

This system is chiefly used for drives where the power falls with 
the speed, as in centrifugal machines. It has the advantage that the 
main motor can be run independently of the auxiliary set, The most 
common arrangements of regulating sets are (i) a series commutator 
machine for single-range regulation, i.e. for speed ranges below 
synchronism; (2) a shunt-wound commutator machine for single- 
range regulation; and (3) a shunt- wound commutator machine 
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with special exciter, for double-range speed regulation above and 
below synchronism. 

The commutator machine is mechanically coupled to an induc- 
tion machine and, in the case of single-range regulation below 
synchronism, the induction machine acts as generator. In double- 
range sets, the induction machine will act as a generator below 
synchronism, and as a motor above synchronism, 'fhe speed of the 
regulating set will change but little with change of speed of the 
main motor, since a very small percentage change of speed is suffi- 
cient to change from full-load motor to full-load generator action, 
It may be regarded, therefore, as having an approximately constant 
value. In all these cases an c.m,f, is injected into the rotor circuit of 
each phase. If this injected c,m.f, has a component, in phase opposi- 
tion to the actual c.m.f, producing the rotor current, i.c. the c.m.f, 
overcoming the resistance drop, and tending to reduce the rf)tor 
current, it is clear the slip of the induction motor must increase to 
such a value that the slip e.ni,f, will be sufficient to overcome the 
injected c.m.f. plus the resistance drop, due to the current rcc[inrecl 
for the load torque. 

Likewise, by adjusting the phase of the injected c.m.f, we can 
control the power factor. 

Speed and power-factor control is, therefore, obtained l)y in- 
jecting an e.m.f, into the rotor circuit of the induction motor. If 
this c.m.f. opposes the slip c.m.f, the .speed must fall; if it assists the 
speed must rise, because now a smaller slip is required to prodiu'c the 
rotor current, since the injected c.m.f. assists the slip c.m.f. 

Clearly, also, if the injected c.m.f. has a component in cjuadraline 
with the slip c.m.f. of the main motor, the current will either I.ig or 
lead this e.m.f,, depending on the phase of the injected c.m.f. 

Wc shall be making a study orihc three-phase commutator motor 
latci , but it can be seen that the injected c.m.f., in the scri(‘s nnu’hiiH*, 
is proportional (neglecting saturation) to the rotor (in rent ol the 
main motor, since the .speed of the commutator motor is pr<u li( .illy 
constant and its phase is controlled by brush position. 


Speed Regulation Below Synchronism 

The diagram of conncction.s Is shown in hig, 7.30, 'I’he form ol 
circle diagram used, in this analysis, is one used by Behrend and 
Blonclel, and considers only resistance drops and ml leakage irac’tanc (' 
voltages. These leakage reactance voltages arc represented by 
corresponding leakage fluxes, The fluxes j>roduced l)y primai'y and 
secondary currents are divided into fluxes which {a) link one winding 
(total flux); (b) mutual flux; and (c) leakage flux. 

7*3^ gives a very clear picture of the performance of an 
induction motor working in conjunction with commutator sets. 

Dr. Meyer-Delius and Mr, John I, Hull gave this analysis. 
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Fig. 7.30 

For nxilOHiftlicsinBlc-rangc regulaii^^^^^ induction motor cmuppcd with a fly %s heel, to 
rc<lucc pcalcs on line, 5^1, 5 Fj, iwid jjK arc the senes coils, Cj, C», and C, are neutralizjng 
windings^ neutralizing the armature ampere^turns 


In Fig. 7.31 

AH = proportional to the primary current^ and represents the 
flux linking the piimary and secondan^ which would be 
produced by the primary current alone, neglecting 
saturation 



HI = and represents primary leakage flux 

HG = IE = /g, proportional to the secondaiy current, and 
represents the flux linking both primar) and secondary, 
which would be produced by the secondary current 
alone, neglecting saturation 

GD = C2l^y represents secondary leakage flux 
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AE represents the total flux linking the primary, and represents 
the vector sum of the fictitious total primary flux and 
the fictitious flux, produced by the secondary current, 
which links the primary. 


Neglecting resistance drop, £ is a fixed point for constant line 
volts and frequency, since AE is the flux which generates the counter 
e.m.f. to balance the applied volts. HG intersects AE at 5 , and it is 
clear that 


AB AH h I 

AE AI ^i) ^ 


. (7.208) 


Therefore, AB ~ — ^ and, since AE is constant, B is a fixed 
point. 

AD is the resultant of AH and DH, i.e. of and -|- Ca/g, and 
generates all secondary e.m.f.s, except the resistance drop, which is in 
phase opposition to set up in the secondary, in quadrature with 
the flux AD. 

AF is, therefore, parallel to HD and to IE, and the angle ADH 


is a right 

angle. A line, parallel to AI from D, intersects AE produced 

in C» 




BD = HD - HB = /a(i + Cj) ~ 

. (7.209) 


HB /, 

• (7-210) 

since 



= + +C,)} . 

• (7-211) 


CD BD 

- (7-212) 


AI ~ IE • 


CD = 7^(1 + C,) X (??(i +A)1 

^2\ t "r 


= 7 ,[( 7 i + C-a(i +C’.)]. . 

- (7-213) 

Now EA represents the flux, whose counter e.m.f. 
applied voltage. Let EA be represented by 

balances the 

Then BA = /„ = . 

• (7-214) 

CB AE I,„ 

CD AI /i(i-hCj- 

• (7-215) 

CB ^GD y. . 

A(i H-c-o 

- (7-216) 
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since 


I Cl 

= 41^1 + C'a(i + Cl)] . 
CA^EA+CE = /„.(i -I- Ca) 

EK k 


■ ( 7 ' 2 i 7 ) 

• (7*2i8) 

• ( 7 - 2 I 9 ) 


C£= 7 „. X^ = Ca/,„. 


. (7.230) 

CA = /„,{i +Ca) == ^ + ( 7 . 23 I) 


CA is, therefore, constant for constant and C is a fixed point. 
By selecting a suitable scale, could be made to represent the 
magnetizing current for the whole flux, which is the usually calculated 
quantity. Iq could be made to represent the running-light current. 
By changing the scale of the diagram by the factor + C\{i + Cj), 

we may say that CB = =: 1 ^; the primary current = CD 

I -j- Ux 

/ 

and — BD , . . (7,222) 

1 + Li 


At standstill, with zero secondary resistance, AD^ the resultant 
secondary flux must be zero, which means that D coincides with A 
and CD — CA^ i.c. the ideal short-circuit current at standstill — CA. 
Since C^li is defined as the primary leakage flux, the primary leakage 
reactance drop, with current is C^E^y since pioduccs the flux, 
which generates E^. 

If = primary leakage reactance 

= « • • (7.223) 

Cl = and C, - V? . . (7.244) 

iix Jix 


In order to draw the diagram, we need to know the primary and 
secondary leakage reactances and magneuzing 

current 

The diagram is shown in Fig. 7.32. 

In Fig. 7.32 CB = la . . . • (7.225) 


CA = 


7ro(l + C 2 ) 

Cl + Call + C,) 


(7.226) 


CM = wall component of the input current 

CZ) = 7 i 
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The secondary current is BD{i + Ci) = 4 . 

To find the second voltage = AF, one can first find its value 
at full frequency. Since AE {Fig. 7.31) is proportional to at full 
frequency 


AB = 


I + Cl 


also 


~ AB^ (I -I- Cl) 




(7.227) 


at full frequency. The actual value of the secondary 
so the percentage slip 

~ AD ^ 


volls === /gjg, 
. (7. 2:28) 



The torque per phase, in synchronous watts, 



= BD X AD 

{7.220) 

The output per phase 



{i-s)BDxAD . 

(7.2301 

The cincicncy 

(i - s)BD X AD 



El X MC ‘ ■ 

and 

, MC 


<l> = (^ijj • 



Now it is clear, from this simple diagram, that if an injected 
due to the commutator motor, exists in the loLor and if tiiis e.mj', 
is in phase opposition to the secondary current, the slip of the niotor 
must increase to make the generated c.m.f. In this 

case the slip is increased, for the effect of the injected c.ni,f. is equi- 
valent to an addition of resistance in the rotor circuit. If Ej is in 
phase with J^2> assists E^y the slip will decrease. 
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Now it is possible to inject, by means of the commutator motors, 
e, m.f s having any phase angle with the rotor current* If the injected 
e.m.f has a component, which is go"" ahead oiBD, the effect will be 
to make BV lead. In other words, speed control and power factor 
correction are possible. 

With the neutralized, series, commutator motor, shown in Fig. 
7.30, the e.m.f.s at the terminals of the commutator motor are the 
leakage reactance drop, the resistance drop, and the rotational voltage 
of the armature. This rotational e.m.f is proportional to the flux 
and speed of rotation, and the flux is proportional to the secondary 



currents. Since the speed of the commutator motor is practically 
constant, the injected e.m.f. is proportional to the rotor current of the 
induction motor. Fui ther, the phase angle between the rotoi cun ent 
and injected e.m.f., i.c. between the resistance drop and ro ational 
voltage is constant, and can only be changed by altering the um- 
struction of the machine. The diagram foi this case is shown m 

^'^Smee'^G cc AG, and the angle FGA is constant, angle FAG is 
constant. 

Also AF is at right angles to AV. 

A.GAD = 90“ - LFAG = constant 


But AG is parallel to BD, i.e. /j) 
£GAD = ^BDA 


constant 


and, since AB is of constant length, it follows that 
a circle. The centre of the circle is easily found, since the ci 


I 

t 

» 
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passes through Ay By and D. Bisect AB and BDy and draw perpendi- 
culars to each through the points of bisection. Then the perpendi- 
culars intersect at the point 0, the centre. 

Points Ay By and C arc determined, as for Fig. 7.31, but now for 
Xg we must substitute Zj H- Z„ -f where = leakage reactance, 
per phase, of the regulating motor, at primary frequency, and 

„ volt-amperes to excite regulating motor 

VTVl ■ 

It is usually permissible to neglect saturation, but if present, it 
reduces and gives us a new and larger circle, but the ratio of 
injected e.m.f. to rotor current or exciting current is reduced. The 



two effects partially offset one another. In any case, it is simple to 
draw the new circle, provided we can determine the excitation, at 
full frequency, from the magnetizing current of the regulating motor. 

The series regulating motor is most suitable for cases where 
large and rapidly fluctuating loads occur and where it is desirable to 
reduce the peak loads by means of a flywheel. 

With a constant load, the speed may be regulated by hand, tis 
desired, if the field windings of the commutator motor arc supplied 
through a suitable transformer with taps. 


Speed Regulation and Power-factor Control by Means of 
a Three-phase Shunt Commutator Motor 

For some purposes speed variation is required but the speed should 
not vary greatly with the load. If the flux of the commutator motor 
can be adjusted to a constant value, the injected e.m.f. will be 
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practically constant, since the speed of the commutator motor is 
practically constant. By adjusting the magnitude of the field, the 
rot.yional can be given any suitable value, and this e.m.f. will 
be independent of the load. The field coils are fed from taps on the 
auto-transformer B {see Fig, 7,34). When the voltage across the 
rings increases, the slip frequency increases at the same rate and 
therefore, the flux in the auto-traiisformcr is independent of the slip! 
For the same reason the flux in and F^ is constant for a given 

tap position and independent of the slip. It can be changed, however, 
by altering the tapping point on B, The circle diagram for this case 
is shown in Fig. 7,35, 



With the commutator motor stationary, wc get the circle BDA, 
In constructing this wc must include the leakage reactance of the 
regulating motor, so that ^ = ^2 "h X^^ and for Cg we have 
C’g I With the commutator motor lunning, wc get secondary 
current BD\ and the total induced c,m,f. of the induction motor 
lolor AFh proportional to AD‘ and the slip* FG^ the injected e.m.f. 
of the commutator motor, is proportional to AD' and is at constant 
angle to AF. This angle is determined by the connections of the 
transformer and exciting windings F^y and 

Resolve the resistance drop GA into two components: HA in 
j:)hasc opposition to AF and GH in quadrature to AF\ the corre- 
sponding components of secondary current being BD and DD\ 
Diy IS proportional to HG. 

HG == FG sin y, so that HG cc FG for constant y; but FG cc AD\ 
therefore, DD^ oz AD^ and AD ^ AD* — DD^ \ therefore, AD is 

AB* AD* 


proportional to AD*y therefore, ^ 
fixed point, 

Therefore, the locus of D* is a circle. 


= constant and j5 is a 
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When running light, i,e. zero torque, BD and AH are zero. The 
torque of the motor is proportional to the product of mutual flux and 
the component of secondary current in 
BD X AD, It is zero, when BD is zero. 

Eli 

component of BD\ The slip, when running light, Sq ^ and the 
additional slip, due to the load — 

The running-light slip is determined by the angle y and the ratio of 
FG , , 

which conditions are adjusted by the connections at the auto- 
transformer. The load slip is the same for all values of provided 
the angle y is chosen so that remains constant. 

The power factor can obviously be improved and the maximum 
torque of the motor increased. 

Characteristics, intermediate between those obtained by means 
of a series and shunt a.c. commutator motor, can be obtained by 
means of a compound-excited neutralized commutator motor. It is 
necessary, in this case, to change the field voltage of the commutator 
motor, as the load changes, in order to change the flux and hcncc the 
injected e.m.f. This is cflectcd by a scries transformer, which has an 
air-gap in its magnetic circuit, so that its flux is proportional to the 
resultant of the primary and secondary ampcrc-turns. 

In those cases in which speed regulation is required, below and 
above synchronism, special exciter or frequency changer is rcqiiii cd. 
This case has the advantage that, for a given range of speed regula- 
tion, a regulating set of only half the output of that required lor a 
full-speed range below synchronism is needed. 

A second important advantage is that the synchronous sp(icd of 
the main motor is in the middle of the speed langc, so ih.U many 
processes may be carried out running as a plain induction motor, 
with the set shut down. 

The special exciter is simply a rotor mounted on the shall of the 
main motor. It is provided with a closed-circuit winding, c onncclcd 
to slip-lings on one side and to a commutator on the other, just like 
the armature of a rotary converter. It is wound for the same numbei' 
of poles as the induction motor and the commutator h.is thicc brush 
sets per pole pair. The magnetic circuit of tlic armature is completed 
by a ring of laminated steel, placed over the slots and rotating with 
the armature. The slip-rings arc connected with the mains, in such 
a manner that the field rotates in a direction opposite to that ol' 
rotation of the rotor. Since the speed of the liclcl relative to the rotor 
is that of synchronism, the brush p.d. on the commutator (neglecting 
the drop in tlie rotor windings) will be practically constant. The 
frequency of the brush p.cl. will be equal to the slip frequency of the 
main motor. This is a frequency changer, changing from supply 


quadrature with it, i.e. to 
BD is the torque producing 
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frequency to slip frequency. In passing through synchronism the 
phase sequence of the brush p*d.s is automatically reversed. Now 
this exciter is used to excite the fields of the commutator motor. 
Imagine that, from a suitable external source, whose frequency is 
always that of slip frequency, we excite the commutator motor so as 
to reverse the phases of the e.m.f.s, which it generates before they 
arc reduced to ^cro, These e.m.f.s will be in phase with the rotor 
e.m.f.s, and the immediate cITcct is to increase the rotor currents and 
accelerate the rotor, As the speed increases, the rotor e.m.f.s of the 
induction motor decrease, and the current decreases till it reaches the 
value required to produce the load torque. The rotor current is 
now only partially maintained by the rotor e.m.f.s and is partially 
maintained by the commutator macliinc. The commulalor machine 
is now acting as a generator and is driven by the induction machine 
coupled to it. 

If the excitation of the commutator machine is now increased, 
the speed of the induction motor will rise and reach synchronism. 
At synchronism the induction-motor rotor c.m.f. is zero, and the 
rotor current is produced entirely by the c.m.f. of the commutator 
machine. This current, of zero frequency, is a continuous current. 
If this current is still further increased, the .speed will rise above 
synchronism and the induction motor rotor will now generate 
e.m.f.s of opposite phase sequence and of reversed phase. Let us 
suppose that, as the main motor passes through synchronous s])ccd, 
the phase sequence of the source, supplying the excitation of the 
commutator motor is reversed aiitoinritically, but without phase 
reversal of the e.m.f.s. The commutator motor will have the same 
sequence of e.m.f.s as the e.m.f.s in the rotor of the induction motor, 
but the latter will oppose the former. The rotor currents (low ii) the 
direction of the commutatoi e.m.f.s and, llierefoic, this mac hine acts 
as a gcncratoi, supplying the rotor coppei losses of the induction 
motor, and also additional power, which is converted into ine( liauical 
power. The induction motor is now doubly fed, both stator and 
rotor receiving power fioin external sources. With inei easing 
excitation of the commutatoi motoi the speed of (he induction 
motor will rise. 

It is clear, therefore, that some souhc of exc italion for the 
commutator machine is required, whose frequency is slij) (i(‘(|uency 
and whose phase sequence is reversed as the motoi jiassj^s ihiough 
synchronous speed. 

Fig, 7.36 shows the diagram of connci lions loi double-range 
speed regulation. The field coils arc shown as /q, K, and /'V 'Fhey 
arc fed from taps on the auto-lransfoi iner /i, whose terminals an' 
connected across the slip-rings of the induction motor. 'I’ho inner 
ends of the field coils are connected through the iheoslais M to the 
commutator brushes of the frequency changes. 

When it is required to change the speed, the flux is increased by 
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altering the lappings. The reactance drop component of the 
impedance drop of the field circuit being proportional to the 
frequency as well as to the flux, is proportional to the square of the 
slip, while the resistance drop is proportional to the field current 
and slip* 

By connecting to taps of 5 , whose distance from the star point 
is proportional to the slip, we gel a voltage proportional to the 



square of the slip, since the total c.in.f. of B is proportional to the 
slip. By changing the taps on resistance so that tlic entire resis- 
tance of the circuit is proportional to wc first permit tlic constant- 

voltage frequency changer to supply the resistance-drop balancing 
e.m.f, while the auto-lransfonncr B furnishes the reactance clro]) 
balancing e.m.f One set of switches can be arranged to vary 
M and B at once. 

The reader is referred to an article in the Journal of the Amcncan 
Institute of Electrical Engineers for June, 1920, and to the E.T.Z. Tor 
1913, for further information. 

Plate VIII (facing page 97) and Plate IX (facing page 212) 
show Ilgner sets for rolling mills. 




CHAPTER VIII 


The Three-phase Series and 
Shunt Commutator Motors 


In Chapter VII concatenation of induction motors with the three- 
phase series, and three-phase shunt commutator motors was investi- 
gated. It will be of interest to give some more detailed account of 
these motors. 

THE THREE-PHASE SERIES COMMUTATOR MOTOR 

The series motor is due to the late Prof. Wilson, who took out a 
patent in 1888, and it also is attributed to Goerges, who took out a 
German patent in 1891. This machine has 
a stator similar, in all respects, to that of 
the three-phase induction motor. The rotor 
is similar to the armature of a cl.c, machine 
and is provided with a commutator. The 
armature may be lap or wave wound. It 
has three sets of brushes per pair of poles; 
brushes of cqui-potcnlial arc joined together 
to form a single rotor terminal. The rotor 
is connected in series with the stator, as 
shown in Fig. 8.1. The rotor is supplied 
through a series- type induction regulator 
transformer, by which means it is possible 
to obtain a whole range of s]3cccl- torque 
characteristics. Where a series transformer, 
with a fixed secondary is used, control of 
speed is effected by movement of the brushes. 

Assume that this motor is supplied with 
a.c. current of frequency f. The stator cur- 
rent will, as in the induction motor, produce a revtfiviug lielcl. 
So also will the current in the rotor produce a revolving; Ik'IcI. 
The actual revolving field in the machine is produco<l hy llic' 
resultant of the stator and rotor ampere-turns. The ina^uitudc' 
of the resultant is determined, not only by the magnitude of the 
ampere-turns ofstator and rotor, but by the position of the brushe.s on 
the commutator. That brush position, for which the ampere-turns 
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of stator and rotor directly oppose each othcr^ is called the 
“neutral position” of the brushes. It is the datum position^ from 
which the angle of brush shift is measured. 

The direction of the torque depends on the direction of movement 
of the brushes from the datum position. Let us call the angle of 
brush shift from the datum position a. When a — o there is no 
torque, for there is no displacement of stator and rotor fields. For 
a clockwise movement of the brushes, from the datum or neutral 
position, we have clockwise rotation, and vice versa. 

In Fig. 8.1, Ay By and C represent the three stator phases. Z), Ey 
and F are the primaries of the tlirec-jdiasc .series transformers. 
Gy Hy and / arc the secondaries of the three-phase .series transformer. 
A Pi di R arc thrcc-])hase su|)ply terminals, 

while D\ E\ and F' represent lire three brush 
sets on the commutator of the rotor. 

In Fig. 8,2, OA represents the stator 
ampere-turns per pole, and OB the rotor 
ampere-turns per pole. 

When a — o, OB is op])ositc to 0.1, and 
the brushes arc in the neutral position. OA 
and OB oppose each other in this position. 

Let the brushes be moved ihiongh an 
angle a counter-clockwise, then OB, the lotor 
ampere-turns per pole, makes an angle a with 
0 A\ the neutral position. 

OC - resultant ampere-turns pei pole. 



Neglecting hysteresis, the (lux pei pole is in phase with ()(,\ 



OC' — H' A^^ — 2 / 1 / 1 ^ (OS a /(/. 

(li.i) 

Now 


(H.2) 


sin a sin ip 


, /], sin a 



sin w = y — . 

^1 f{ ♦ 


Vector Diagram for Three-phase Series Motor, Omitting Regulator 

The resultant m.m.f. 00 produces the (lux (/;, in plmse with 00 
(neglecting hystcirsis), and the c.ni.f. which it induces in the stator 
winding lags the (lux (/> by ()o‘\ Now, if the brushes are moved 
through an angle a, it is clear that the c.m.f.s, induced in the rotor, 
will be altered in time phase i)y the amount of the angle of brush 
shill, for the revolving field wilt cut the phase winding later with a 
shift of the brushes in the direction of rotation of the field. 


I 
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In Fig. 8,3, OA = stator ampere-turns per pole and also the 
phase of the current 

OB =3 rotor ampere- turns per pole; the angle 
AOB 05 

« = angle of brush shift from the neutral position 
QC = resultant ampere-turns per pole, and phase 
of the flux This is a combined space and 
time diagram. 

OF ^ e,m.f. induced in the stator per phase, 
77 

and lags — behind ^ 



OD = OjF — — £3 — component of supply volts to 
oveicome 

OG = e.m.f. induced in the rotor per phase by the 
flux It makes an angle 180 — y with E^ 

DE = equal and opposite to OG is the component of 
supply volts to overcome Ej, 

OE = lesultant of OD and DE 

EK = total resistance drop in stator and rotor, in 
phase with /, i.e, with O.J 

KH = component of supply volts to overcome the 
sum of the leakage reactance voltages in 
the machine 

and OH = supply volts per phase 

There should be a vector from the point E drawn parallel to the 
current vector I{R^ + 72 /), and a vector + X/} leading the 
current by 90^. Here 7?^ — resistance of the stator per phase; 
72 / ~ resistance of the rotor per phase, leferred to the stator; 

is the leakage reactance of the stator; and A’/ is the leakage 
leactance of the rotor per phase, referred to the stator. Since the 
same value of I is used for the drops, it is assumed that the 
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delta-connected armature is replaced by an equivalent star- 
connected winding. Then the applied volts per phase = OH — V. 
The e.m.f. E„ generated in the stator by the revolving field 0 

= 2-22 X $ X Z>Xf>^ lo-® X X Ka == E, . (8.4) 


where $ ~ flux per pole (maximum value) 

= number of conductors in scries, per phase, on the stator 
/ = supply frequency 

^1 


Ki — breadth factor for the fundamental = 


sin 

n; 


where q-^ ~ slots per pole, per phase, in the stator 
= electrical slot pitch angle in the stator 


_ for a three-phase machine 
39 ‘ 


B 

K2 = cos - = stator coil span factor for the fundamental 

where £ =? deficiency of pitch of coil from full pitch in 
electrical degrees 

Also = 2*22 X X K\ X S X f X Z2 X $ X *0-^ . (8.5) 


where E^. = generated volts per phase in the rotor 
s = slip 

jfiTg = rotor breadth factor 

. K 



<72 sill — 

i2 2 

R\ — coil span factor in the rotor 
<72 = slots per pole per phase in rotor 
Ag “ slot pitch angle in electrical clcgiccs in rotor 


{8.0) 


It is clear that as the current varies OA and OB will vary propor- 
tionately, and since for a given brush shift a, OB is fixed in direction, 
the resultant vector 0 C\ which produces the flux is fixed witli respect 
to OAy i.e. with respect to the current. The angle DOA, in Fig. 8.3, 
is fixed, and so also is the angle ODE^ which is equal to a, the brush 
shift angle. Since OE is fixed and equal to the applied voltage per 
phase, neglecting resistance and leakage reactance voltages, and 
the angle ODE is constant, it follows that the locus of the point D is a 
circle, i.e. as the load and speed vary the locus of jD is a circle, of 
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which OE is a chord. Produce ED to and the current vector to 
i.c. ED and OA produced intersect at E Then the angle ELO is 
equal to a — EDO A = a — But the angle DO A is a fixed aiigle^ 
as we have shown^ therefore, the locus of i, when the load and speed 
vary for a given brush shift a, is another circle through the points 
0, and Ly neglecting resistance and leakage reactance drops. 

In Fig. 8.4 is shown the circular current locus, viz. OLE and the 
circle of voltages, both neglecting resistance drops and leakage 



reactance drops. When D coincides with E synchronous speed is 
reached; E^, — 0 and E^ — F. The radius of the voltage ciix le is 
given by the cquali{)n 

2/^1 sin a F . . . , 


. . . 

^ 2 sin c/ 

At standstill = i, 


Er -^^2 ^ A ^2 

Aj X A;j < 

where Z^ " conductors in series per phase in tlie rotoi 
equivalent star winding. 


(H.H) 

in lilt* 


From standstill to synchronous speed the point Dy in Fig. B.q, 
moves around the voltage circle, from the standstill point, in a 
counter-clockwise direction till it reaches the synchronous spe(‘cl 
point £. Further movement, in a counter-clockwise sense, of [he 
point D around the voltage circle brings the speed range above' 
synchronism, until we reach twice synchronous speed; at which point 
Ej, has the same value as at standstill. 
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ai6 


The radius of the larger current circle = 


where 




V 

2 sin (« — ~/ 5 ) 


(8-9) 


The current scale can be determined from the value of at 
standstill (j = i), or from the normal value of <!> the flux per pole at 
full load and the open-circuit characteristic. It is clear that, below 
synchronous speed, the stator absorbs energy from the line, while the 
rotor gives energy to it. At synchronous speed the stator alone 
absorbs energy. Above synchronous speed the stator and rotor 
absorb energy, which is converted into mechanical energy. The 
torque is proportional to the product of flux per pole and the armature 
ampere-turns X sin a, 

= Kl^ sin a 


The torque is a maximum when the rotor ampere-turns make an 
angle of go”’ with the resultant ampere-turns OC in Fig. 8.3, i.c. 
with <j). 

When /_OCA in Fig. 8.3 is a right angle, we have 
A, cos a. = A, 


also 


Let 


m = ~ 


^ — = tan a 

ampere- turns rotor 


Ag ampere- tin ns stator 


— cos a 


(}lio) 


(H.ii) 


Maximum torque occurs when A^^ and A^. arc at ri|.>ht anf>lc‘s 
~ IiAji X Ay. 

" KAg sin a X cos a 
Therefore, maximum torque 

= sin a cos a 




. (I).ij) 


i.c. maximum torque occui-s when a = or the angle AOli i'K," 
{see Fig. 8.2). 

Then, with this value of the brush shift 


At I 

X = 

i.c. for maximum torque the ratio of 

rotor amp ere- turns i 
stator ampere-turns ~ 


(8.13) 


(8.14) 
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^ ^ rotor ampcrc-turns , « , . , . 

For this ratio of r — the power factor, which is 

stator ampcrc-turns ^ 

the cosine of the angle HOA^ is low. 

For this maximum torque condition^ ^ A^ tan a — A^ for 
a - 45^ 

For good power-factor conditions, usual values for 

A 

=ci= 0’6 to 0*4 and a = 213® to 30° . . 


and 


4 


1*17 to ro8 with mean of 1*12 


The angle ft in Fig. 8.3 is the angle DOA 


Now 


l,AOC=:^--d 
2 2 

sin <5 sin a 


sin 6 — 


Af sin a 


(8.16) 

(8.17) 


Clearly by making d large and > then OD falls bchjw OA, 

and it is clear that the power factoi is greatly improved. 

The whole sciics of characteiislics can be plotted fjom Fig. 8.4 
by taking various positions f{)r D on the circle, for speeds below and 
above synchronous speed. 

Thus, for a given value ol' EJ)^ i.c. /i^ fioin the e.in.f. equation 
we can determine i < </>, and liom the coriesponding value I'dv 
viz. 0 /), we can delerniinc f/j from the c.m.f equation. Thus, the 
slip can be determtued and the speed - - ejy(i — .i). Also, the toique, 
curicnt, slip, input, and clficicncy can be tcadily determined. 


Characteristic Curves for the Three-phase Scries Commutator Motor 

Chaiaetcristic curves aic .shown in Fig. 8.5 foi the scries (ype of 
motor, from which (he behaviour of the mf)tor can be seen fn' sp('cds 
up to 1*5 timc.s the synchronous speed. 

One must draw a similar diagram for every biush posUion (o that 
of Fig. 8.4. The angle a of brash shift is a variable patameter, which 
is held fixed for one set of curves; by varying a various sets of such 
curves arc obtained. The pari BC of the torque curve (Fig. 8.5) 
represents unstable conditions. ITus, the torque falls with the speed 
near standstill. This part of the curve can be modified by suitable 
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Current 


This motor has admirable characteristics for applicfilions such 
as hoists, winches, etc. It resembles, in many ways, the cl.c. series 
motor, but instead of one torque-speed curve being obtained, as in 
the series d.c. motor, with the three-phase series type, a whole 
series of such curves are obtainable by brush shift, Instead of shifting 
the brushes, it is usual to use a scries induction regulator, which is a 
rotary current transformer with movable secondary. Thus, the 
phase of the applied voltages to the rotor can be varied by moving 
the secondary of the regulator. This effects the same results as shift- 
ing the brushes on the commutator, but it also reduces the voltage 

on the armature, which is necessary 
for the reason which we now develop. 

The great drawback with these 
motors is the difficulty involved in 
commutation. In addition to the 
reactance voltage in the coil under- 
going commutation, which is present 
in the d.c, machine, and whicli is 
due to the change of leakage flux as 
the current in tlic coil changes, 
when it passes the brush, i.c, when 
the coil passes the brush, the current 
in the coil changes from the value in 
one phase to that of the consecutive phase, there is an additional 
voltage, generated in the coil, due to the rotating field. This vfjltage, 
usually known as the transformer voltage, has its maximum value at 
standstill, viz. 

= T44 X $ X r, X sf X Hr« . . (d.ili) 

where = turns per coil 
s = slip 

f = supply frequency 



Standstill 


Syn Speed 
Fi«. 0.5 


Syn Speed 


Its value is given in equation (8.18). 

Now it is clear that unless special picciiuiioiis are t.iIaMi, sue h as 
the use of the Schwarz patent winding, or the use of anothei scheme 
by the author (now being patented), this tninsformer vollagc must 
be kept low enough to allow good commutation to be obtaiiu'd. In 
this case high contact-resistance brushes must be used and higli- 
resistance connections between the coils and the commutator. 
This transformer voltage in the coil must, tlicreforc, nol exceed 
3 V, approximately. This can only be obtained hy using the 
following — 

(<z) a small flux per pole; 

(b) .single-turn coils in the armature; 

(c) a low supply frequency; 

(d) a large number of poles. 
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It will be seen that the voltage which can be supplied to the 
armature is limited, for on a given diameter of commutator, which is 
limited by the peripheral speed permissible, there arc three sets of 
brushes per pole pair. On an eight-pole machine there will be 
twelve brush sets, and if we allow, say, 6 in. for the circumferential 
distance between brush sets, this will allow us about thirty segments 
between brushes, or about 100 V supply voltage. The diameter of 
the commutator, in this case would be 33 in. and the peripheral 
speed of the commutator about 4500 ft/min at 750 r.p.m., assuming 
the machine is running at synchronous speed on 50 c/s. 

It is a characteristic of these machines to have a large diameter 
of commutator, with a large number of segments. A limit is set to 
the diameter by the peripheral speed of both armature and commu- 
tator, and the higher this is, the more difficult do the commutating 
conditions become. It must be remembered, too, that speeds of 
two or three times synchronous speed, or more, may be required. 
Thus, not only is the voltage supply to the commutator limited in 
magnitude, but the electric loading of the armature is also limited by 
the diameter limitation. It follows, therefore, that there is a definite 
limit to the output per pole pav^ of the order of about 20 kW. This 
does not apply with the auxiliary winding used by Dr. Schwarz. 
With the Schwarz winding the limit to the voltage per segment is 
removed, and there is not the need to use a small flux per p<fic. 
Indeed, J 3 r. Scliwaiz has 1 amoved the one great drawback to these 
machines tind has |}laccd them on a more or less equal footing with the 
d,t\ machines, as far as commutation is concerned. \Vith the usual 
design, these machines <11 c charac tciizccl by several features, com- 
mon to <ill a.c. commutator motors, viz, huge diameter, sliorL axial 
length, large commutator clianictcr, huge lunnber ol brush sets, and 
MUiill nidial depth of iron above the stator teeth and below the lotoi 
teeth. 

VVe liav(‘ aheady mentioned the vaiious voltages which cause 
coinimiiatioii trouble. Consider <igain tlic leacLancc voltage, clue to 
current ch.inge in the coil as it passes under the brush. 

'J'his is the voltage which is present in d.t. machines, but [ii 
the fi.c. commutator mcHoi, the cui icnl c.hangc on passing under the 
biLish is clillcrent Irom tliat in the chc. machine. Before the toil 
passes under the brush, it cairics cunent of one phase: of the arma- 
ture, say, that of j)liasc 3 for example; when it ])asscs the brusli it 
passes into the consecutive section of the aiinatuiT, which is can yiiig 
cuiTcnl of phase i, for example. 'Tluis, the currents in the seetions 
of the armature between brushes arc assumed to be sinusoidal and 
dillcr by in time phase. 

The current will follow the values of the sine curve of one pluisc 
till it reaches the brush. After leaving the brush, the current, in the 
coil considered, must have the value appra]:)rialc to the values 
carried by the branch of the armature, into which it hiis entered. 
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Thus, the amount by which the current changes, during commuta- 
tion, is equal to the diflercnce of the irislantancous values of the 
current in two adjacent sections of the armature and is, therefore, 
equal to the instantaneous value of the brush current. The maxi- 
mum change of current in the coil is equal to the maximum brush 
current. The e.m.f. of self-inductance in the short-circuited coil^ 
due to the current change may be regarded as in phase with the 
brush current. The time of commutation, which is the lime the coil 
is short-circuited by the brush, depends on the width of brush and 
the peripheral speed of the commutator and is very short, probably 
between xj^au and sec. 

This e.m.f,, due to current change in the coil undergoing com- 
mutation, is similar to that in the cl.c. machine. It retards commuta- 
tion. In the d.c. machine it is neutralized by a rotational e.m.f., 
generated by rotation in an intcrpolc flux, and the same is also true in 
the a.c. single-phase commutator motor. This e.m.f. can be kept 
down to a low enough value by (rt) using single-turn coils in the 
armature ; {b) keeping the electric loading to a sufTicicntly low value ; 
(«:) using narrow brushes, so as not to short-circuit more than one 
coil at any time; and {d) keeping down the peripheral speed of 
the commutator. 

The voltage, however, which is the most serious in this machine 
and which has been responsible for its limitations, both in design and 
application, is the voltage which is generated in ihc shorl-circuilod 
coil by the main flux. At stamislill this voltage is a maxiniiini and 
becomes zero at synchronous speed. 

Its value is given by equation (fl.iS). 

The Schwarz Winding 

To Dr. Schwarz wc arc indebted for one solution ofllu' piohUan (j 1 
the voltage generated in the short-circuited coil by the main Ilux, 
He uses another winding, called the ^huixiliary'’ winding, in llic 
same slots as the main winding. The main winding is usually .iti 
ordinary d.c. lap winding connected to coinmutalor segineiUs. 'The 
armature slots arc deep, and between tlie main winding and (he 
auxiliary winding, in the same slots, aic placed sheel-iron iiiler- 
leaves, which form an additional magnetic path for ihe auxiliary 
field of the auxiliary winding. The auxiliary winding is a lap winding, 
connected to the same commutator segments as the main winding, 
but the auxiliary winding coils have twice as many turns as Liu* coils 
of the main winding, but the coil span of the auxiliary coils is bm 
one-lhircl of the pole-pitch. The coil span factor for tluj auxiliary 
winding is cos Go == -I, and so, for the same voltage pen* sc'gincnt, 
the number of turns per coil must be twice that of the' main coils. 
The two windings — main and auxiliary — arc connected in parallel 
to the same commutator segments. The arrangement is shown in 
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Fig* 8.6* In Fig, 8,6 the auxiliary coils x\ and arc in the same 
slots, and form a transformer link with almost perfect magnetic 
coupling; with common fluxes and x^ is connected with 
segments 2 and 3, and is, therefore, in parallel with the main winding 
bi, which is on the left of slots M and Xi is connected in parallel 
with and lies in slots Xx and J^x\ The energy of the leakage 



i'K., iU) 


held, whu'h pHulures the spaiking, is UMiisfcnrd (Voin tlir coil a.y 
Lo .Vj and and to bi* 1’ho rc'ac Lance of die winding r/j, and ihc 
reactance of aic almost halved by the assisianee of the translbrincr 
Xi and Since lies in the same slot as />2 j Unae exists a transfoi nier 
linkage, which continues through the next auxiliaiy groups. 

In the words of the inventor: ‘‘In tliis w.iy a parallel connection 
of windings is obtained in both directions round the ainiatiUT, so 
that the operative reactance of the winding, while commutating is 
reduced to a fraction of its normal value/* 

This arrangement operates satisfactorily at the interruption of 


I 
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the transformer currents, during the commutation period. The net 
result is that the voltage per segment can be increased until it is no 
longer the voltage, but the losses produced by the transformer cur- 
rents that determine the maximum limit for the segment voltage. 
The inventor has found it possible to increase the current density 
in normal graphite brushes from 7 or 8 A/cin^ to iq or 14 A/cm^, 
without harm. Thus, he is able to use large flux per pole, reasonably 
large voltage per segment, and to reduce the size of the commutator. 
There is little doubt that this invention has largely removed the 
limits to design and application. 

In some cases intermediate segments between the main segments 
are provided for the auxiliary winding. In Fig. 8.7 one turn of the 

main winding is shown, and the winding 
group of the auxiliary winding, which is 
connected in parallel with it. The main 
winding is connected to segments 1 and 
2, and so are the beginning and end of 
the auxiliary winding, which consists of 
two windings in series, The connection 
between the first and second auxiliary 
windings is brought out and connected 
to segment T. The voltage between 
segments i and 2 is divided into two 
equal parts at segment i'. 'i’hc main 
current now flows thiough i', <ind the 
two auxiliary windings are eoniieeled in 
parallel, and have no reactance, since the magnetic ellec Ls of the 
component currents arc cancelled, 

By the use of these devices it is possible to Imild motors witli a 
larger horse-power per pole. 

The reader is referred to the paper by Dr. Ing, Beiino Seliw<ir/, 
Rheydt, in Elechoiechnik und Mascldnenbau, on en( Developments 
of the Stator-fed Polyphase Shunt-wound Clonimutator Motor,” 
February, 1935. 

There is little doubt that this invention of Dr. Sehvvai*/ lias 
profoundly afleclcd these motors, removing limits whiih have, 
hitherto, prevented the more extensive use of these machines. 



Another Method of Approach (due to Shuttleworth) 

Shuttleworth has given another method of approa( h* whieli will, 
perhaps, give a clearer picture of this motor and its analysis. In this 
method one single-phase is used, which is pcrmissil:>lc, if the other 
phases are not neglected in their cflcct. Briefly, he adopts the device, 

* Shuttleworth, N. : “Polyphase Goinmutator Machines and then Applications,’' 
Jaunml I.EsE.y March (1915). 
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commonly used in the theory of the single-phase repulsion motor, of 
resolving the ampere-turns of the stator into two components — 

(^z) along the brush axis; 

(/;) at right angles to the brush axis {see Fig. 8.8). 

The stator phase is displaced by angle a from the rotor phase 
and S = number of stator turns per pole per phase (effective) 

R == number of rotor turns per pole per phase (effective) 
p = number of poles 
1 = maximum current per phase 



Fio. n.8 



EfXciting ampere- turns along the brush axis = K{S cos a-- R)l^ 
the factor K takes into account the effect of the other phases. 
K ~ for a three-phase machine. 

It will be remembered that the amplitude of the resultant 

ampere-turns for m phases — X aniplitiiclc for one phase. Now 

the turns S sin a aic called the exciting turns and the axis AB the 
“excitation” axis, and the (corresponding (lux along AB the 
“excitation” (lux. 

'flic total exciting ampere-turns -- /i’«V sin a/. 

The resultant of the two components of exciting ampcnc-iurns, 
which arc at right angl('s 

- h'lVS'^ -I 7^^ 2.S7t: cos a . . (8.i()) 


7'hc (lux per pole, due to this cxcitalif)n, may be obtained liom 
the open-circuit cuivc. If there is no saturation, then 

h\,Kh'S'^ 1 . ( 8 . 20 ) 




£r 


where Aq — constant 

If the currents in the exciting wind- 
ing alone produced the field, the c.m.f. 
between brushes, generated by lotation, 
would be exactly opposite to the current, 
i.c. 180'^ out of phase. There is another excitation at right angle, 
viz. iS* cos a — 7 ? per phase. 


I'k;. B 5 0 
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This causes the rotational voltage to difTer from the phase of the 

current by i8o — 0 . as shown in Fig, 8. lo, here tan 0 ^ 

^ ^ 6 sm a 


Fig. 8»io shows the relation of voltage and current. 

= OB = rotational voltage. 

The voltage induced in the exciting winding of the stator per 
phase 

V^'n- X fX $ X pS ain a X . , (8.i2i) 



The voltage induced in the rotor and the transformer axis of the 
stator winding 

— V^TT X f X $ X p{S cos a — R) X 10"^ . (8.22) 

The resultant of these two voltage (which arc at right angles) 

~ \^ 27 r X (f) Xf X T “ ‘ 2 SR cos a X lO"^ 

where is given by equation (8.20) 

These voltagc.s lag I by go®. 

To this resultant voltage we must add the leakage leaelanee 
voltages in stator and lotor. 

In Fig. 8.1 1, OB ™ counter c.m.f 111 armature 

fhi = cuuent vector 

OC — resistance volts (total for stator <ind lotoi) 

CD ^ sum of leakage reactance volt4iges in sl.ilor 
and rotor 

DE “ vectoi sum of voltages, equations (8.21) and 
(8.22), and given by cquati(m (8*2:3) 

OE “ impedance voltage, due to self and mutual 
impedances 

OF “ — component of supply volts to over- 
come Ej. 

OE == EG 

OG — supply volts per phase ^ constant 
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Now OF = — oz speed of rotor X <!> cc speed X current (if no 
saturation). 

Now 0 is constant for a constant and y) is also constant. 
Therefore, angle OFG is constant. 

Therefore, the locus ofi^is a circle with OG = K as chord. 

The angle subtended by OG, at the centre = 2[90 — {0 + yi)], 
and the radius of the circle iZ, for {0 positive), 

V 

— TTTi V ■ * • (^*24) 

2 cos {0 + f) ' 

Fig. 8.12 shows the circle surrounding the points 0 , G, andF, but 
0 is made negative to improve the power factor, but 

^ »ycosa — X 

tan 0 == , . , (8.25) 

sni a ^ 



Therefore, R > S cos a when 0 is negative. 

Looking at Fig. 8.12, this will mean bringing OF below OJ. 
The radius of the ciiclc (for 0 negative) 


V 

2 LOS {{) J/ij * 


(8,2b) 


At standstill OF is zero, and the current, which is pro])()rti()Util 
to FG^ approaches a maximum value. As tlic speed inc leases, OF 
increases and 67 ^' deci eases ; /, theicforc, decreases. At very high 
speed OF approaches OG and the cunent lends to zero, FG^ taken 
to the pioper scale, may represent the magnitude of the curriaU, and 
the phase of the current is always 0 with icspcct to — or 0 P\ 
The value of the power factor is ahvays known for all values of the 
current, for the current dctci mines PV in Fig. 8.12, and once the 
point P' is determined, — Ej, is known and / makes an angle of 0 
with — E^ always. 

It is clear that unity power factor, at normal speed, is obtainable 
by suitable design. 
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It is necessary to draw a separate diagram for each value of a, 
for 0 depends on a, and each value of a gives a definite series of 
characteristics. 

Now FG may be large, even with moderate value of the current. 
Since the reactance depends on qSR cos a, when a is near 

i8o°, this is large, when cos a is negative. The current then is small, 
even at standstill. This is the usual starting position. 

If we neglect the resistance drop y) becomes o in Fig, 8.i i and 
the circle diameter 



then 


V 

cos 0 


tan 0 = 


cos a — i? 
S sin a 


cos a — m 
sin a 


(8.27) 


(0.28) 


cos 0 = 


I 


see 0 v^i H- tai? 0 
I 


J 


cos^ a — 2 m cos oc 
^ sin^ a 


sin a 


\/i + — 2tn cos oc 


■ ( 8 .^ 9 ) 
• («- 3 «) 


The torque is proportional io (j) X I X cos 0 and 

^ a . . (8.31) 

~ KJSVm^ + I — 2m cos « 

T = constant x P sin a , . (8. 3-^) 

touiuo 


This is a maximum when / is a maximum, i.c. wIkmi F(i is a 
maximum in Fig, 8, la. FG is obviously a maximum wIumi it bcc'oincs 
a diameter of the circle, i.c. 


cos 0 


(»- 83 ) 


but FG (neglecting rc.sislancc drop) = X,,J 


where — Xj^ + 

= X [R^ + 52 ^ 2RS cos aj . , (8.34) 


where == sum of leakage reactances of stator and 
lotor 


Ajj — mutual reactance of both 
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Xj^jl = VsTT X$ xfx fiVS^ + i?'2 - sSR COS a X 10^® . 
= \/ 2 X n X Kf^Kl'^/S^ + — iSR cos (X 

Xf X p X — iSR cos « X io~® . 

Xjj ~ K^x [R? + iS® ~ iRS cos a) . 

= maximum r.m.s. current 

^ V 

cos 0[Zjr -f- + I ~ 2tn cos a)] ' 

where = ira^"* .... 

maximum torque 

= constant x sin a 

J/2 

= constant x •— rTir'v — n-s 

cos® OyXj^ -\- 4- r — cos a)]® 


( 8 . 35 ) 

(8.36) 

(8.37) 

(8.38) 

(8.39) 


(840) 


THE THREE-PHASE SHUNT COMMUTATOR MOTOR 

We have already seen that the three-phase series motor varies its 
speed with the load, in a similar manner to the d.c. series motor. It 
has long been recognized, however, that a variable speed three-phase 
motor which has a shunt characteristic is desiiablc, i.e. when a given 
speed is obtained, it is desired that the speed shall not vary much ^vith 
the load. In this respect, the three-phase shunt motor resembles the 

d. c. shunt motor. This motoi has an outward appearance, similar to 
the three-phase scries motor, i.c. a stator with a three-phase winding, 
like an induction motoi, and a rotor with an ordinary d.c. winding 
connected to a commutator. The armatuie \vinding is usually of the 
lap type, The commutator has thiec brush sets per pole paii ; 
similar brush sets are joined togcihei to form a single iciininrd. 
There are three such terminals. 

Both stator and rotor aic supplied in parallel, with voItagC'> of 
the same frequency, but of diHcient magnitude. To vary the speed, 
we have seen that a voltage must be impressed on the roloi winding, 
having the same direction and fieqiicncy as the c.m.f. induced in the 
winding by the rotating field, If the impicssccl sccondar\ V(>ltagc is 
in phase with the induced e.m.f, the speed will use, foi a reduced 
slip IS required to pioduce the current and toiquc. If the impressed 

e. m.f. is 180"^ out of phase with the induced e.m.f., tlie slip will 
increase and the speed fail. By adjusting the magnitude and phase 
of the impressed voltage, one has control of speed and j)owcr factor. 
The impressed voltage must have the same frequency as the e.m.f. 
induced in the rotor. 

But, it may be asked, how can one supply the rotor with a voltage 
having the same frequency as the stator supply voltage, and at the 
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same time have slip-frequency voltage impressed on the rotor 
conductors? 

The speed of the revolving field, in revolutions per minute 

P 

where / — frequency 
and p ~ number of poles. 

The frequency of the voltage generated at the brushes — which are 
fixed in space— is the line/tequency, while the frequency ol’ the c.m.fs 
in the conductors of the rotor is of slip frequency, depending on the 
relative motion of field and rotor. 

Thus, the brushes of a three-phase cominulutor motor may be 
connected to the same source of supply as the .stator. A variable 
secondary voltage has generally been supplied by brusli shifting, a.s 
in the SchrUgc motor. The constant secondary voltage of a single- 
stage rotary controller is not suitable for the whole range of speed, so 
it is usual with single-stage rotary controllers to j)iovide brush sliifl 
in conjunction. 

Brush shifting can be avoided by the methods descrilM'd behjw. 


The Single-stage Rotary Controller 

In this single-stage rotary controller, the st.ilor windings .ii'e A, 
C, E', B, Dy and F arc auxiliary windings, usually situated on the 
stator [see Fig. 8,13). 



The primaries of the stator, which are eonneeled in .star, and the 
jn-imary of the rotary controller arc coniu’cted (o the sujjply lines. 
The secondaries of the rotary controller anrl the sceontlarics of the 
current transformer arc connected in series to the rotor. The 
magnitude of the secondary voltage remains constant and only the 






Sl^^.ro^. \ViSDi\u 
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pliasc shifts, according as the point P moves over the circle {see 
Fig. 8.14). 

Let OA = {s i), i.c, the voltage per rotor phase induced at 
standstill 

AP =: voltage in secondary of rotary transformer 

AB =: component of impressed voltage in phase opposition 
to and so speed reducing 

PQ^^ voltage from secondary of current transformer B, 

For the controlled range of 
speeds the wattless component 
of AP is much greater than is 
desirable, causing large magnetiz- 
ing currents in the rotor. The 
demagnetizing component, in- 
troduced by the current trans- 
former, viz. PQ,, gives, with yJP, 
the resultant voltage yJQ^, and 
the locus of is a circle, whose 
centre is disj^laccd by the amount 
PQ^from tlie ciiclc followed by P, 

TJic maximum speed corre- 
sponds U) the point when , j 

Icills on for then we have 

added to {s ^ i) the voltage AQ^. The minimum speed is 
obviously at / 7 , wIumi falls on D, AB rorrcspoiuls to the induced 
armature voltage. 

If e>, — syiu'lironous speed 



i slip 

and o> - a( lual speed 


o) - - I “ W ' 


. (8.1 1) 

Also E. .vA;, . . . 

a;,, - a;, -= a;2,(i - .t) . . . (B.43) 

unci •. • • 0M‘l) 

and P2 ^ On I'ig. 8.1.1). 

'The aie of the cirelcj between D and E in Fig. H.i.j, repie'^eiUs 
the range of to 

■ ■ ■ (I>-|6) 

. (Aijj "h ('{5^7^ 

and — oj, E ' ' ' 

and A?2 s = OA (in Fig. 


and 


• (B.'M) 

• (B-ir)) 


■ ({M 7 ) 


16— 0**590 
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Without brush shifting, Dr. Schwarz, states that a speed range of 
I : 2 to I : 25 is obtainable in an economical manner. 


The Two-stage Rotary Controller 

We have two rotary potential transformers, primaries B and C and 
the stator windings of the motor connected to the supply lines,^ The 
secondaries of the two rotary potential transformers D and i?, and 
the secondaries of the current transformers F, G, and H arc connected 
in series with the armature of the motor. (See Pig. 8.15.) 



Fio, 0.15 


In this case, the voltage which is the dcinagnclizing voltage, 
is constant over the whole range of speed. The idea, then, is to 
produce voltages in the rotary transformers, whicli have a .s])ecd 
controlling component, in phase, or in phase opposition with the 
induced rotor voltage, and also a demagnetizing component in 
quadrature with 

Vector Diagram of Shunt Motor 

Fig, 8.16, due to Blondcl, shows the circle locus of the piiniaiy 
current, viz. the circle HBP^ and the circle IlKd, with centre (iihe 
locus with brushes short-circuited. 

OA — magnetizing current per phase and phase of the flux 
OC = e.m.f. induced in the rotor per phase — 

= X $ X s X f X 10'® 

where Z2 ^ conductors in series per phase between two neighbouring 
brushes 

$ — maximum flux per pole, produced by the resultant of 
stator and rotor am^ere-lurns 
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OE — F2 = applied voltage per phase to the rotor 
OD — E^ji — resultant voltage of OE and OG 
/g = rotor current per phase lagging by an angle </j2 
AB = rotor current, referred to the stator 
OB = stator current per phase 

OR — — — component of applied volts to the stator to 

overcome the induced voltage, due to flux (j) 

== VJtt X $ Xf X T^X KiX K^X 10^^ volts 
where T^ turns in scries per phase 
= breadth factor 
Kq =j coil span factor 



The secondary current 4 consists of two components, viz. BP 
and AP\ BP is produced by and equals „ / .“v" 

The v.m.s. value of this coniponcnl 


i'8.j X ^2 X ^ X r x/x_io“" 


The PA component is produced 
phase, and = 


by F2, the applied volts per 
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Assuming a constant secondary reactance, which is not strictly 
true, the point P is fixed for constant value of Fg and brush-shift 
angle oc. Draw BH and draw, also, OPI making an angle of 90° 
with Fi or OS, Then OPI represents the ideal short-circuit current, 
and is proportional to the total leakage flux which balances the 
voltage Fi, assuming no resistance present* // is a fixed point since 
OHh fixed, and the angle PIBP 90 + ^>2. Since P is a fixed point 
and //also fixed, ///is fixed, and it subtends an angle 90 -1- r/jg at B\ 

it follows the locus of the jDoint B is 
^ the circle PBH^ of which PPP is a 

^ .V chord. 

\ Let M be the centre of this circle. 
Then the centre is found by bisecting 
PB and BPI and drawing perpen- 
diculars to intersect at M, The 
centre clearly lies on the line MPIy 
B which makes an angle (/jg with PPL 
ALy parallel to /i, rcpicscnts the 
^ primary leakage flux and is propor- 

tional to /; OPu is propoi lional to the 
total flux linking the stator. In our 
diagram there appears the angle 
SOE between F^ and F2. Actually 
the same source supplies botli statoi 
and rotor, the rotor being suppli(Hl 
from a transformer. To o))tain the 
L line current, wc must add vcc torially 

Fic. 8.17. Gu-.AkKR VfCTou the current in the primary ol' the 

Djacram oi- Shunt Moiok transformer feeding the rotor. II ' m 

is the ratio of the transfoiniei, we 

/ 

must take a current ™ - and add it vcctorially, in sueli a way tliat 

it makes the same angle with both F^ and 

So all wc need to do is to add - at the angle a of i)rush shill, 

m ^ ' 

to /p The total line current, obtained by this vector addilion of/, 

^nd ^ at angle a with /g', gives another circle, and over the intjtor 

range, the total current is smaller than the stator current, since the 
rotor returns energy to the supply circuit. 

Fig. 8.17 gives a clearer vector diagram for the sliuiU niotoi. 
In this diagram — 

OA =: vector of magnetizing current and direction of flux 

OC = ^2 = e.m.f, induced in rotor per phase at slip s by 
lagging go'' behind ^ 

OE ~ applied voltage per phase to the I'otor 


j 

j 
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OD = resultant voltage per phase of the rotor = vector sum of 
OE and OC — Eji 

OF = secondary current in I’otor, viz. lagging by angle </>« 
behind OD, and 



where .^2 == impedance of the rotor per phase 

Ian <l>s = 

where = leakage reactance of the rotor per phase 
i?a = resistance per phase of rotor 

OF = RJ, 

FD = x,r, 

BC^ - 4' = - M X I, 

where Tq — turns in series per phase in the rotor 
Ti = turns in series per pliase in stator 
fi = winding factor of stator = X 
==: winding factor of rotor = Ii\ X 

AB == watt component of no-load current to overcome hyslcrcxis 
loss 


/() = no-load current per phase = OB 
OCi — ])rimary cuircnt of motor 


QA 


r r ^'2 

— /o / r/* 

^ L 

ing the 10 Lor 


cuirent in primary of transformer sii|)j)Iy- 


CyJi is added at an angle of a with therefore — ■ 

01\ vector oi' Ime current, including the cuiient taken by 
the stator and that taken by the primary of the 
transformer, supplying the rotoi — 

OR ™ component of impressed volts to ovci conic the buck 
c.m.f generated in the stator pci phase, due to r/j 

= resistance chop in the stator per phase 
XJi — leakage reactance drop in the stator per phase 
OS = Vi ^ applied volts per phase to the stator 


cos /i,CiOS = power factor of the stator 

CQ!^ /^SOVi^ cos (j) ^ power factor of the motor 
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Input = V^Vx^i cos ^ (watts). 

Electrical power delivered by the rotor to the line 
= V3F24 cos /_EOK 

Gross output of motor = input to stator ~ output of rotor 
(electrical) — I^R loss in stator and rotor — iron loss in stator and 
rotor. 

THE SCHRAGE motor 

111 this motor, c.ni.f.s are injected into the secondary circuit of the 
motor, in accordance with the principle that speed control is clFccted 
when those e.m.f.s are cither in phase, or in phase opposition, with 


O TO 8 LIP- 
4 RINOS AW 
-J SUPPLY 


s 

I 

Fio. 0.18 



the e.m.f.s in the rotor, induced by the revolving field. T'lic primary 
of this machine is the rotor and the .secondary the staioi. 'I’lu' 
motor resembles the induction motor, but on the loto) air two 
sets of windings; one set, shown as a star-conncctcd winding R 
in Fig. 8.18, is connected to three slip-ring.s, to whicli the a.e. 
voltage is brought. In the same rotor slots, is another winding; 
an ordinary d.c. lap winding, connected to a commutator and .shown 
as winding C in our diagram. On the commutator there are tliri'e 
complete sets of brushes per pole pair, but each set is divided in 
two half-sets, and these half-sets are arranged to move in o])])o.sile 
directions on the commutator. 

Thus, on the two-polc machine, there arc six half-sets of brushes. 
Imagine the two half-sets to be in line on the commutator and 
connected to separate brush spindles, which arc moved by a lever 
mechanism in opposite directions on the commutator. The stator 
has a three-phase winding and each phase is connected to the two 
halves of a brush set. Thus, one phase on the stator is connected to 



THREE-PHASE COMMUTATOR MOTORS 235 

half^-brush sets and and similarly for the other phases. As 
r u ^ windings on the stator form the secondaries 

of the motor, Virtually it is an ordinary induction motor with an 
auxiliary winding on the rotor (i.e. the winding connected to the 
commutator) . 

A rotating field is produced by the three-phase currents^ which 
rotate in the opposite direction to that of the rotor. E.m.f.s of slip 
frequency are generated in the secondary on the stator, as in any 
induction motor. Since the speed of the rotating field, relative to the 
rotor, is always the same, namely the frequency of the e.m.f s 
induced in the auxiliary winding (i.e. the commutator winding) is 
independent of the speed of the rotor and always equal to line 
frequency. Therefore, the frequency of the e.m.f.s at the commutator 
brushes is always of slip frequency, and the frequency of the injected 
e.m.f into the secondary is of slip frequency. This will be obvious if 
one remembers that for one definite speed, the distance of the 
brushes apart is fixed, and the brush position is fixed in space. 
Relatively to the brush half-sets, the relative speed of the field is the 
speed of the field — speed of rotor. Now the magnitude of the e.m.f. 
injected into the rotor depends on the distance apart of the half- 
brush sets. The greatest voltage is given when the brush sets and 
ii, or and ig, and and ^3 cover 180 electrical degrees on the 
commutator. When and and ag and ig, and and are in 
line, i.e. in line with and in line with ig, etc., the impressed 
voltage is zero, and the three stator windings are shorted. The 
machine in this case is an ordinary induction motor. 

The speed control is continuous. The maximum speed range 
depends on the maximum voltage injected into the secondary 
winding from the auxiliary commutator winding, and this maximum 
voltage occurs when the half-brush sets and and b<^y 

{a^ and b^ embrace 180 electrical degrees on the commutator. For 
speed control only, the half-brush sets, when in line, must be at the 
centre of the phase of the secondary to which they are connected. 
In Fig. 8.18 the line bisecting and b^y {a^ and ^g), and and 
in each case lies at the centre of the stator phase considered. Thus, 
now we see why the brushes half-sets are moved in opposite directions 
simultaneously. It is to obtain voltages to inject into the secondary, 
and the magnitude of the voltages, thus injected, depends on the 
distances between and b^y and ig, and ^3. By insisting also 
on the condition that, when and are in line, and are also 
in line, and and ig in line, then the brush axis in each case must 
lie at the centre of the stator phase concerned, we ensure that the 
injected e.m.f. shall be in phase or in phase opposition with the 
induced e.m.f, due to the revolving field. Speed ranges of 3 to i and 
more may be obtained, but the output of this machine is limited by 
the voltage generated in the short-circuited coil by the revolving 
field. The e.m.f of self-induction in the short-circuited coil is 
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proportional to the specific electric loading and depends on the range 
of speed required. The output per pole is, therefore, limited and, 
indeed, this motor is at a disadvantage in respect to the ordinary 
shunt motor, fed through the commutator, for, in this Schr^lge 
motor, the e.mX. generated in the short-circuited coil is of full 
supply frequency, and is constant and independent of the speed. 
I refer, of course, to the voltage generated due to the revolving field. 


Power-factor Correction 

This necessitates that the injected c.m.f.s must lead the voltages 
generated in the secondary by the revolving field. For this purpose, 
the axis of a brush pair must be displaced from the axis of a stator 
phase by a given angle. If unity power factor is to be obtained, at all 
speeds, both brush supports must be moved by dilfcrcnt amounts. 
About 10 per cent difference in distance between the brush supports 
is necessary. In the neighbourhood of synchronous speed, where the 
commutator voltage is small, the power factor is almost the same as 
the induction motor, but above synchronism, the power factor is 
improved by the negative leakage reactance of the secondary 
winding. 

SPECIMEN CHARACTERISTICS: SCHRAGE TYPE 
THREE-PHASE COMMUTATOR MOTOR 

The characteristics of this motor, which is of the shunt tyj^c arc given 
below in a test carried out on a small motor in the laboratoiy of 
Electrical Engineering of the University of British Columbia, 
Vancouver, Canada. 


Test Machine, ASEA, Sweden. Type FS-G. No. 


Output, kW: s-g-'G’G 
Output, h.p.: 3'-9 
R.p.m.: 600-1800 
Primary volts: 220 
Primary amperes: 


Rating: continuous 
Primary conncTliou: Y 
Cycles: Go 
Secondary volts: 33* 
Secondary anipcrcs: 57 


Obseivalions — 

(lA) No-load Test 


Goo 

Slail 

“ 

U)0O 

1 200 

1. 1^,0 

650 

359 

I03G 

II 7 ‘) 

i-jHo 


Bt iisli selling . 
R.p.m, . 


} al I /s 
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(ic) _ Load Test 



K.|i.in. 

VoU<s 

Am' 

pores 


Wi 

H'r 

Wx 

P,F. 

1 

Drake Load 

n.h.p. 

Eflici- 

ency 

(%) 

(c^s\ 

ir 

Ih 

S 

lb 

Ncl 

]b 

/ 

ipo 


a.^O 

0770 

430 

6220 

0 08 

0-56 

lO 

3 25 

loa 

4 20 

50 0 

59 


noo 

«U|J 

QQ'O 

- 1^70 

aao 

4700 

0‘05 

0*54 

14 

2 75 

15*3 

3*6o 

56 0 

59 




lO-a 

' 1 « 3 « 

0 

3030 

— 

0*50 

Id 

a -bo 

II 4 

2 go 

365 

Gq 


orjn 

«io 

16 » 

3 a 3 t> 

~ aCo 

2970 

— 0‘q8 

0-44 

G 

» 20 

7'9 

2*10 

52 7 

Go 


nfto 


ivi 

aG'jo 

— Ooo 

3030 

- 0 23 

034 

2 

2*00 

40 

I 10 

405 

Go 

\ 

()tO 

ajji 


a*lou 

750 

1650 

~ 0 31 

o*ag 

0 

r8o 

2*2 

o-Gj. 

29*0 

Go 

( 

fl<10 

«Ti 

an-l 

.'jBio 

Q160 

8070 

037 

O-70 

i6 

3 20 

tG8 

7-42 

Go'O ' 

Go 

1 

1)'V> 

« 3 < 

ayti 

5000 

IMO 

6520 

0-30 

0 73 

12 

2 80 

13 2 


66 0 

Go 

Dm> 

a-ia 

iO’t> 

.)t 7 <j 

1170 

5040 

0 9 [ 

o<6G 

8 

2 60 

9*5 

4 2U 

63*0 

Go 

KKJO 1 

oGi) 


ib ,\ 


170 

3600 

0*05 

054 

4 

2 10 

59 

2 06 

55 0 

Go 

\ 

. luon 


1-1 i \ 

3 olit> 

-450 

2230 

— 0 17 

0‘3U 

0 

I 80 

2 2 

I 07 

36 0 

Go 

I 

1-1 OI> 


a-1 B 

5720 

31C0 

8880 

0 55 

0*89 

12 

2 00 

»3 I 

8 Go 


Go 

Sr Hum ) 

1-1 to 

uyi 


.\mo 

2050 

6870 

0 42 

0-82 

8 

2*0o 

9 2 

6 10 

GG 0 

Go 


i.ii-j 


17 

3010 

1020 

4930 

0’2C 

070 

4 

2 '30 

5 7 

3 80 

57 5 

Go 

\ 

, im 


J 5 y 

3 too 

- 40 

30C0 

0 13 

0 41 

0 

1 go 

2 I 

i '40 

34*5 

60 


]iircclivc weight of brake arm = 4-0 lb. 
].cngth of jjrony Ijrakc arm = 30 in. 


















THREE-PHASE COMMUTATOR MOTORS 


239 


(2c) 



R.p.m, 

Brush Setting 

600 

1000 

laoo 

1450 

Primary volts 

C50 

332 

233 

23^? 

232 

Iiijcclcd volls 


16-3 

/j7 

o\5 

9-3 

Secondaiy volts . 


5'j 

5*1 

5 \ 

5-1 

Primary volts 

103G 

233 

233 


232 

Injeclccl volts 



4*6 

0*5 

9’2 

Secondary volts . 


60 


66 

68 

Primal y volts 

n7f, 

«33 

232 

233 

233 

Injected volls 


16 

4-6 

a*f) 

9*2 

Secondary volts . 


71 

72 

72 

72 

Primary volts 

1480 

233 

233 

233 

232 

Injected volls 


i 6‘4 

4'3 

0 

9*1 

Secondary volls ♦ 


79 

79 

79 

79 


Calculations 

Power factors were determined from the ratio WJWfi, 
Net load on brake =3 W — S -1- 4-0 
Case (i) net load on brake = 18 — 3‘25 -|- 4 

M{47o)(i8-8) 

33 000 

output _ (4’2)(7/(()) 
input “ 6 aao 


Case (i) h.p. = 
Case (i) clTicicncy 


= i8-8 lb 
4-2 h.p. 


5 »% 


CHAPTER IX 


Phase Advancing 


The; power factor of Hghllydoacled induction motors is very low, 
and likewise that of fully-loaded slow-spced motors. Tlic deleterious 
effects of low power factor on the voltage regulation of the system arc 
well known; and, further, the losses in generators and motors and 
transmission lines are increased due to low power factor. Further, 
in the design of induction motors, especially if of low speed, the output 
for a given frame is frequently reduced by the necessity of using 
shallow slots, for it is very important to reduce the leakage reactance. 
Several dilTerent types of machine have been devised for injecting a 
leading e.m.f. into the rotor circuits and thus to impiovc the 
power factor. 

Leblanc’s System 

Leblanc proposed an arrangement of exciters for this i)uiposc. 
Considering a two-phase induction motor, two exciters, one for 
each phase, are connected in series with the rotor winding, and the 
field of one exciter is excited by the rotor current of the second, 'I'hese 
machines were ordinary commutating a.c. generators, Willi this 
arrangement an e.m.f, is injected into one phase, whieli is po" out 
of phase with the current carried by that phase; and if the iiolaiity 
of the poles is piopcriy arranged, this is a leading e.in.r, 'flu* objri- 
lion to this scheme was the excessive cost, Leblanc has d('vis(‘d an 
exciter which embodies, in one machine, all the plias{‘s, and this is 
of a very simple nature. 

The armature is made like an ordinary drum-wound contiuuonv 
current armature, and is surrounclcd by a simple ring ol laimiiations 
having inwardly projecting poles, but without field windings, IT 
such an armature is provided with four brushes, placed po'' iipai t on 
the commutator, and connected to the four slip-iings of a two-phase 
rotor of an induction motor, and is run at a speed which is liigh c otn- 
pared with the frequency of the rotor circuits, it will have tiu' ('licet 
of producing leading currents in the rotor circuit. The l^C'auty of 
the exciter is that the armature currents excite the field and jjroducc 
a flux in the armature which is in such a phase as to generate an 
e.m.f. in each circuit which is in quadrature with the current carried 
by the circuit. By proper design and the use of carbon brushes, the 
commutation can be made suniciently good. The rotors of induction 
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motors of large power cany heavy currents, and this necessitates a 
commutator of considerable dimensions. 

The Scherbius System 

In the Scherbius phase advancer, the external ring of laminations is 
omitted, and the armature winding is embedded in slots, which are 
some distance from the periphery. The path for the magnetic field 
is, therefore, through the iron above the slots. When used in con- 
junction with a three-phase rotor, three sets of brushes arc provided 
on the commutator at iqo electrical degrees apart. These brushes 
receive the rotor currents of slip frequency. The currents of slip 
frequency will produce a revolving field whose speed is 

flp revolutions per second 

where / = slip frequency 
p — pairs of poles 

Now suppose the rotor to be driven in the same direction as the 
field revolves. The speed of the field is independent of the speed of 
rotation of the armature, When the speed of the armature is equal 
to the speed of the rotating flux wave, no relative motion or cutting 
of the lines Likes place. The self-induction cITcct disappears therefore. 
Above this speed, i.c. above the synchronous speed of the field, the 
reactance c.m.f, becomes negative; in other words, the current 
will lead. 

Let </> Ilux ]Dcr ])olc in mcgalincs 

number of poles for ^vhicll the armature is wound 
/ — slip IrequciKy 

n nuinbei ol revolutions per second at which (lie armature 
is driven 

The star value of the c.m.f, injected foi a wave-wound armature 
e ^ V 0-7 X </< ,< (h -///;) 
where Z number of active wires 

The rating of the phase advancci is propouional to its volt- 
ampere capacity. The cun cat is determined by the load, but the 
c.m.f. injected by the advancer is capable of adjustment. It is clear 
that if the motor is designed for a small natural .slip, and the |)hasc 
advancer has small ohmic and inductive losses, then the injected 
e.m.f. required becomes smaller, and the cost of the phase advancer 
will be less. 

Fig, 9.1 shows the circle diagram for the motor with and without 
the phase advancer, It is taken from the article by the late Dr. Kapp. 
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In this figure, it is assumed that the ratio of turns in stator and rotor 
is I : I, ED is proportional to the secondary or rotor current, and 
EM is proportional to the slip'^ring voltage with the secondary open. 
The voltage drop in the rotor is ERq ^ where — ED and 
is the resistance of one phase of the rotor. Without the phase advancer 
the locus of i) is the semicircle shown. With the phase advancer and 
at unity power factor, the point D moves to A, thereby reducing the 



stator current, but increasing the rotor current. The incuMsed 
drop due to this increase in current is shown as Hic resist a lu'c* 
drop in the advancer is shown as R^S. The slip voltage luiisl luive a 
power component ES, It must also have a wattless component <'{|ual 
to the e.m.C introduced by the advancer minus the (Mn.f. o(' s('ll- 
induction lost in the advancer itself. 

In the diagram, SL = c.m.f. of self-induction of advancer 
and LB ~ c.m.f. of advancer 

The wattless component of the slip voltage is SB, 

The total slip voltage is EB^ which is greater lliaii KR^ and, 
therefore, the slip is increased by using a phase advancer, 

Dr. Kapp lays especial emphasis on the imj^or Lance of a small 
natural slip. He also states that the cost of the set, capable (d' giving 
unity power factor under such conditions, need not be greater than 
the cost of a motor designed to work alone. This may be true, but 
it is open to question. There is no doubt whatever that the use of 
the advancer will enable one to get a greater output from the motor 
frame, and in any case the extra cost of the advancer is probably 
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justified. The locus of the primary current vector with phase 
advancer is the larger circle shown. In this it is assumed that the 
flux in the phase advancer is proportional to the rotor current, i.e. 
there is no saturation. If saturation sets in at the higher loads, 
injected e.m.f, and rotor current are no longer proportional, so that 
Eh becomes less inclined and the centre C is lower. This enables 
compensation at, say, two- thirds of full load without over-com- 
pensating at overload. 

Compensation is chiefly required at the lower values of the load, 
and so it may be advantageous to introduce a moderate degree of 
saturation in the advancer. 

For small motors, the phase advancer may be mounted on the 
rotor shaft. It is then wound for a smaller number of poles than the 
main motor. In this case the speed n is fixed by the slip. 

If tig synchronous speed of the set in revolutions per second 

Pi 

where fi == supply frequency 

= pairs of poles of induction motor 


the speed of the induction motor 


A . . 

■ (9-i) 


• (9'2) 

the speed of the field of the advancer 


P2, 

■ (9-3) 

1! 

X 

II 

• ( 94 ) 

therefore, the relative speed in this case 


= (i 

• (9-5) 

_,ti) . 

• (9'6) 


and the star value of the injected e.m.f. for a wave-^vound two- 
circuit advancer 

= . .(9.7) 
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where ({> = flux in megalincs 

^ = total number of conductors on advancer 
s ~ slip of main motor 
Pi ^ pairs of poles of main motor 
= pairs of poles of the advancer 

It will be seen that as the load decreases the slip decreases^ and 
the term in brackets increases slightly with reduction of load. The 
injected e.m.f. increases slightly, therefore, at light load, in addition 
to the increase at light load compared with full load due to saturation 
effects. For large motors the phase advancer is driven from the main 
motor either by belt or by other means. 

The Mlles-Walker Advancer 

Prof. Miles-Walker has designed a very ingenious type ol' advancer. 
In this machine two types of armature winding arc used: in one, an 



open circuit slar-winding with very wide l)rushcs^ suitable Ibi low 
voltages and large currents; in the olhci, which is sinul)le foi faiilv 
high voltages and low current values, a closed-circuit winding with 
three sets of brushes, spaced 120 electrical degrees apart, is nsctl. A 
diagrammatic scheme of connections is sliowu in Fig. 'I'lu' 

inner circle represents the closed-circuit winding of the annalme nl 
the advancer, and the small letters and c show llie ihrt'c |fliases 
mesh-connected. Three brushes "^*^d li bear mi tlic cojn- 

mutator, and convey currents to the outer circle /J, B, whicli 
represents the rotor windings of the induction motor, shown mesh- 
connected. The arrowheads show the direction along each conductor, 
which is taken as positive for the purpose of the clock diagram. 
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In series with Py Q^y and Ry the series exciting coils are connected. 
A suitable e.m.f. to inject into phase A is an e.ni.f. in phase with 
{a—b). The current in brush Q_is {b — d) and, therefore, if the 
poles under which the coils in phase A are passing are excited with 
— Q^y the required condition is satisfied. The span of the armature 
coils is almost a pole-pitch, so that the coils in phase A will be 
passing under adjacent poles. 

Since return paths have to be arranged and also compensating 
windings, it is necessary in order to make a simple mechanical 
arrangement of the coils to excite these poles with exciting con- 
ductors carrying currents + Q. + A “ 

Since P + ^ + P — 0, it follows that the above arrangement 



will give 30 ^. The question whether + Q, gives a forward or back- 
ward e.m.f. will depend on the direction of rotation and the hand 
of the winding. 

To find the rating of the advancer, we must find the rotor stand- 
still voltage per phase and the watt component of current in the 
rotor per phase. Knowing the power factor at full load, from the 
circle diagram we can determine the wattless current. If now the 
power factor is to be a leading one, we can find the amount of 
wattless cm rent for this, 

AB = watt cui rent per phase 

BC — total wattless current per phase 

AC — total current of the phase advancer 

The next thing to do is to determine the voltage of the adv'ancer. 
From the value of the slip at full load we can determine the slip 
voltage at full load. 

In Fig. 9,4, OE^ represents the slip voltage at full load, and Oa is 
set off at an angle from OE^ = angle CAB in Fig, 9.3. E^R repre- 
sents the resistance drop in the advancer and brushes, and PA the 
reactance drop in the advancer field coils. If, then, a voltage XV 
parallel to ba be added, a resultant voltage in phase with Oa is 
obtained. 

This is the reason why the fields are excited with a current in 
phase with the sum of 0 „ and — 0 ^,. The voltage to be generated is 
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scaled off from the diagram* As shown, the projection of OF on 
the vertical line gives OF^,,, which is greater than the slip voltage 
OjEfl, If this voltage is greater than is required to drive the current 
through the rotor circuit, the slip will be reduced until the correct 



working current for the load is reached. If OF^, is not sufficiciit, the 
slip is increased. 

The Kapp Vibrator 

The late Dr. Gisbert Kapp devised a type of phase advancer known 
as a vibrator. In this machine the principle is used that a conductor 
conveying an alternating current of low frequency, when jdaced in 
a magnetic field of constant strength, will vibrate and generate an 
e.m.f. leading the current by 90°. 

The Kapp vibrator consists of a number of contlnuous-cun ciU 
armatures of the bi-polar type placed in bi-polar fields excited Ijy 
direct current. The number of armatures required is equal to the 
number of phases in the rotor of the induction motor. Each armature 
is provided with a bi-polar closed-circuit winding and commutator, 
and each commutator has a pair of brushes. One brush of each 
commutator is connected to a slip ring of the induction motor, and 
the other brush is connected to a common neutral point when star 
connection is required.* 

It is clear that the torque, acting on each armature, is propor- 
tional to the current, since the field is constant. The induced c.m.f. 

* The armatures may be connected in delta for large rotor currents 
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in the conductor is proportional to the velocity of the conductor 
in the held. 

Wc have torque oc current 

acceleration oc torque oc current 
e.niX]cc velocity 

If the current follows a sine law with respect to time, the acceleration 
will follow a sine law and the velocity will follow a cosine laWj and, 
therefore, the ean»f, will follow a cosine law. 

The acceleration is zero when the velocity is a maximum, and, 
therefore, the c.m.f. generated is in quadrature with the current. 
Wc have yet to show that it is leading the current. 






CM F. 


In Fig. 9.5 let the field in which the armature vibrates have the 
direction from left to right, and let the direction of the current be 
considered positive when it flows away from the observer in the 
right-hand side of the armature. When the current is at its po.sitivc 
maximum, the torque is a maximum and the velocity zero, and the 
armature is momentarily at rest, but is on the point of moving in a 
clockwise direction. Now a clockwise movement will generate an 
c.m.l'. in the right-hand half of the winding, which is towards tlic 
observer, i.c, wiiich is neg.itivc. Thus, at this instant the c.m.f,, 
which is zero, is about to assume a negative value. Hcnee, the vector 
diagram is as shown on the right, i.c. the c.m.f leads the current by 
go"'. If Z ^ number of conductors on one armature and 
(j) flux per pole in e.g.s. units, then the c.m.f generated at any 
inslanl — e, 

and « = X (9-8) 

= <I>Z~ 'X ^ for two-polc armature , . (9.9) 

where n = revolutions per minute 
p = poles 

a — circuits in parallel 
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p — a for two poles 

Co — = angular velocity in radians per second 


If i = instantaneous value of lire current, the instantaneous power 

■ (oao) 


■ 0^ y i 
■. ei ~ t — < — 5 

Sn ^ 10® 


If T = torque in metre-kilograms, 

Hit 10* 


« = 9-8irc« = 8 




Also 


CO = 


9 ’ 8 i X 27 r X 10 * 
ine X 10® 


Z’t> 

21T X 10* 

Zf 

Let M =5 moment of inertia in kilogram-mctics®, 


jidt = g-Si 


X 


/ 


X \T(li 


then 


idl == - 

*/ 


9-8i X 27r X 10* May 

Xpi' • • 

q-8i X 277 X 10* M e X 277 X 10* 


.JTT^ X 10^*^ 


A/ X ] 2 ^ ^ 


(9-1 0 

(9-12) 


( 9 - 1 3 ) 

{ 9 . 13 ) 

(().!()) 


It is clear that the vibrator behaves like a cap.uiloi whose 
capacitance 



AI A 4n^ X T 0 ^‘* 

— L, ;o - laracis . 

• (9- '7) 

Also since 

(yX^ X 

'^27T U)^ 

. (<).<8) 

and 

(i> ei 

• (9- > 9 ) 


2' — 

• {9-2'l) 

• 

(i(0 ty^((} 

dl 27T X 10 ® X 9*81 X iU 

• (9-2 0 

but 

i := / COS 0)^1 . 

• (9-22) 
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= ^ / 

dl i-n X 10® X Q’ 8 iNi 


cos (Oit dt 


Z<l> r 

27r X 10 * X 9'8 1 MtOi 

therefore, maximum value of e.m.f. injected 

f 

4#* X 10® X 9'8i;V/a)i‘‘ ‘ 

ft)i = 27r X slip frequency . 

, „ . . , I current 

. , c.m.I. injected oc — cc — r - — 

slip 


(9*23) 

(9*24) 

(9-^^5) 

(9.26) 

(9*27) 


Since this ratio decreases only slightly as the load increases, the 
c.m.n injected docs not fall off proportionately with the load, but 
at a much lower rate, with the result that the effect of the advancer 
is relatively greater at low values of the load, and this is what is 
required. 

It will be seen from the expression above for the injected e.m.f, 
how important it is to keep the moment of inertia of the armatures 
low, The armature must, therefore, be small in diameter and great 
in length; the air-gap must be small and the flux high, so that con- 
siderable satin ation is required in teeth and core. Such a vibrator 
would be diflicult to design for very large motors of slow speeds 
where the rotf)r currents are of necessity exceedingly higii, but for 
machines (ff moderate output it has achieved very remarkable icsults. 



CHAPTER X 


Induction Motor with 
D.G. Secondary Excitation 


Freqitently, where constant speed is required and where it is 
desirable to have a large starting torque and high power factor under 
running conditions^ the induction motor with dx. excitation is usech 
The normal synchronous motor, with salient poles and usual damping 
winding, has a very low starling torque. To reduce the large, watt- 
less, starting current, it is necessary to supply the motor with reduced 





Fio. 10. 1 



voltage, and since the damjjcr must have fairly low rcsislanco, lo l)e 
eflecUve, it follows that very low starting torqwc is oiitainable, since 
the torque varies as the square of the apjolied volts Lo the niacliinc. 
To meet this condition, an induction motor is used, which is st.iried 
up in the usual way, by means of resistance in the rotor circuit. 
When the motor has reached full speed, the rotor is excited by a 
d.c. exciter, and, provided the slip is not too great, the machine 
drops into step and runs as a synchronous motor. The steps in the 
starting-up period arc shown in Fig. lo.t. 

With the connections shown in Fig. lo.i, one phase carric.s twice 
as much current as the other phases, and, therefore, the sectional 

950 
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area of the conductors in that phase must be increased. It is possible, 
however, to use a rotor winding in which all the copper is evenly 
loaded. If one were to take an induction motor of reasonably good 
characteristics, and convert it into a synchronous motor, with con- 
stant field excitation, then it would be found that its characteristics, 
as a synchronous motor, are very poor, for the no-load current will 
be nearly equal to the full-load current, and the power factor and 
apparent efficiency are very low, except in a very narrow range just 
below the maximum output point or pull-out point. 

On the other hand, by converting a slow-speed induction motor 
of large magnetizing current into a synchronous motor, then the 
characteristics as synchronous motor, with constant excitation, are 
very much better than those of the motor as induction motor. The 
reason for the unsatisfactory behaviour of a good induction motor, 
when converted to the synclaronous type, is due to the large value of 
its synchronous impedance. In the induction motor, large mag- 
netizing action of the stator current is desirable to produce the field, 
with as small a value of the current as possible. In the synchronous 
motor, large magnetizing action, on the part of the stator currents, 
calls for corresponding changes in d.c. excitation, and the higher the 
armature reaction, the more must the field excitation be changed 
with load, to maintain unity power factor. For good synchronous 
motor operation, low armature reaction is necessary. For good 
induction motor operation, the armature reaction must be high. 
For stable operation of the synchronous motor, a high synchronous 
reactance is necessary; but this high value is far lower than that in a 
good induction motor. A synchronous reactance of 50 to 100 per 
cent is high for a synchionous motor, but the synchronous reactance 
of a good induction motor may exceed 300 per cent. 


Performance of Synchronous Induction Motor 
Let V = impressed volts per phase, chosen as datum vector 
Z ^ R -\~ jX ^ synchionous impedance 
= leakage reactance per phase 
= exciting susceptance per phase 

magnetizing current 
” voltage induced by it 

I 

The effective reactance of armature reaction = y 

Then V = £ -}- Z/ . . . . (lo.i) 

£ = back e.m.f. or nominal induced voltage 

l = h~Jh .... {10.2) 
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(10.3) 


£ = (F~ - Xi,) ^j{XH - Ri,) . 

{io,q) 

. . 

1£12 = (F~ Rh - Xi,y + (A% - Ri,y . 

(IO- 5 ) 

. « 

£ = «l~i«2 .... 

(10.6) 

where 

e^— V — Rii— Afjj 

(10.7) 

and 

CQ 

1 

11 

64 

(10.8) 

At unity power factor = o, 


and 

£2 = (F_ Ri^Y q. X2q2 . 

(10.9) 

At no-load and unity power factor = 0, = 0, and £ 

= F. 


The field excitalion, required to keep cos </) ~ i, al all loads, is 
given by equation (10.9). 

From equation (10.9), we have 

£2=1/2- 2F£ti + £2^2 -I- A"2i,2 . 

= P- aVRii + 

or ^2 j^ 2 _ 2 q- F* _ £2 = 0 . 

, _ 2F£ ± V4F2£2 _ 

_ VR ± v/|:27/2p-YTpi 

- - . . 

The minimum value of 


For a given value of £, i.c. for constant cxcilalion 

• /• 

* 2 - ±^-^ 2 -- -^-ij . 

If Z Is approximately equal to A', R negligible, 

*2 - A' ^ V A'2 " *) • 


. ( 1 0. 1 0) 

. (lO.Il) 

. (10. la) 

. (lo.iq) 

• (><>.15) 


Under the same assumption, the maximum value of j, 
the radical becomes unreal for greater values of q. 

The power input = Fq 

The gross power output 

~ H" ^2^ 



(to. 16) 


• (10.17) 
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= ii(V— Rii ~ A 7 a) + hiXi^ — Ri^) 

~ Vii — Rix^ — Xiiiq - 1 - Xi^i^ — . 

= Vii~Ri^ 

where -|- 

Tlicrcforc, cquiition (10.20) = input — copper losses. 
The current in the field 

~Exb. 

The copper loss in the field 

= X X If 

where if = field resistance 

The iron loss — E^g ^ V^g 

where g — conductance 

Therefore, the net mechanical output 

= Vix — iHi — E%hf — E^g — (friction -|- windage) . 
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(10.18) 

(10.19) 

(10.20) 


(10.21) 

(10.22) 
{10.23) 


(10.24) 


From these equations, it is simple to calculate the performance 
as a synchronous motor. 

These machines arc, usually, designed to give an overload capacity 
of 70 per cent for cos ^ i, or 90 ])cr cent for a leading power 
factor of o-q. Should the machine hill out of step as a synchronous 
motor, it will continue to run as an induction motor, since the inaxi- 
nuini overload capacity as induction motor is greater than that as 
synchronous niotoi, and it will automatically rc-synchronizc when 
the peak load is p<iss(‘(h 


Further Analysis 


VVe will now cn(|U(rc into the phenonuniii whi< h arise during the 
st.udng p(Mi()(l, and how llie design of the motor 4inccts sucli 
pluniomena. (lonsidei fust tin* expressions for the torque in the 
niiU liine as induction niotoi aiul also <is synchronous motor. We 
liav(‘ sc(m th«u, in the iiuludion luoloi, the UnT|uc in synduorious 


Wiltts 


Itr I s“/.o”c)“ 


* (10.55) 


where m., lunnhin of phases in the rotor 
rotor I’fsisl.incc p(‘r |)li«ise 
- volts ])(‘r rotor jdrasc at standstill 
Ao coenuieiit of sclhindiutanee of eacli I'otor phase in 
henrys due to leakage I lux 
s slip 
fo 27r X / 

wliei-e/ - frequency 


I 
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Maximum torque occurs at a slip 


- IjCO 


(10.26) 


rotor resistance per phase 


(10.27) 


R, 


” rotor reactance per phase at standstill 
Therefore, maximum torque per phase 

__ square of rotor volts per phase at standstill 
~ 2 X rotor reactance per phase at standstill 

This is obtained, of course, by substituting for s the value 

f in equation (10.25). 

The maximum torque per phase, viz. ett't also be written as 
jSj E. JSa / 

where = ideal rotor short-circuit amperes per phase. 

Now assume this induction motor, with wound rotor, is operated 
as an auto-synchronous motor. As synchronous motor, the gross 
mechanical power developed per phase 

_ E^jEj, cos (y - <?) - cos y] 

d- ‘ ■ ^ 

where E^ — generated e.m.f. per phase in .stator (r.tn.s. value) 

Ej^ = applied volts per phase in stator (r.m.s. value) 

Rj = resistance, in ohms, per phase of the slatoi 
iicu = synchronous reactance per phase, in oiims, of the stator 

Li<o 


tan y 


Ri 


(10.30) 


Now, generally, A 90°, i.c. the synchronous reactance is very 
large compared with the resistance. 

In this case, the gross mechanical power developed j)cr phase 
E^Ej sin 0 

■ ■ ■ • 

E^Ei sin 0 _ ^ , 

. (10.32) 


LiO) 


^ SJ,, sin 0 


The angle 0 is, of course, the angle between the applied volts per 
phase and the component of applied volts, which is equal and 
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opposite to the back c.m.f. ; 1 80 — 0 is the angle between the applied 
volts and back 

The maximum^ gross, mechanical power per phase as synchronous 
motor (assuming i ^ 90°) 

= watts 


The maximum torque, per phase, will also be proportional to 
this expression, and is equal to it when expressed in synchronous 
watts per phase. Now let us assume that this machine is operating 
as a synchronous motor, and let the direct current in one phase 

=5 Vs/y, and in each of the other phases, where 7 ^ = full-load 

rotor current as induetion motor. The copper losses in the two cases 
are then equal, i,e. when the machine is working as induction 
motor, or as synchronous motor. The magnetizing current, as 
induction motor, to produce normal flux, as a fraction of full-load 
current, will depend on the number of poles for which the motor is 
wound and will vary from 25 per cent on high speed motors to 
60 or 70 per cent or more on very slow speed machines. Let us 
assume that it is onc-lhird of full-load current. 

The corresponding d.c. excitation for normal flux will be 
V2 X — 0‘4727,.. This leaves 0'942/,. for producing leading 
current, and the r.ni.s. value of such leading current will be 0*666/,,. 
Assuming tlic watt (.omponent of the current remains unaltered, the 
]3()wcr factor will hQ 0-830 leading, The total stator current will not 
be altered greatly, from tlic value 1 1 had as induction motor, Assuming 
a leakage reactance j^er stator phase of 10 ])er cent, the value of 
will be nmghly 1*07 Ey. 

It is clear that such a machine, thus excited, could be operated as 
a synchronous motor and work in the neighbourhood of 0-8 leading 
power factor, with the same rotor healing in each case. Now what 
about the inaxinunn incchanica! ]3ower exerted in this case? The 
ideal shoi l-eircuit current in the stator will be but equal to the 
full-load current, and E,^ (ap|)roxiinately) 

Therefore, maxiniuin mcehanical powci as synclironous motor, 
or maximum lor(|uc in synchronous watts -== X /^ per phase. 

Now, as induction motor, this same machine will have a maximum 
torque, ill synchronous walls per phase 




X L 


r 

a ^ 


■ ( 10 - 33 ) 


where — ideal short-circuil currcnl in the stator joer phase. 
Now may be roughly five limes full-load currcnl (this depends 
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on the number of poles) . Therefore, maximum torque in synchronous 
watts, per phase 

where = full-load stator current 


It is clear, therefore, that such an induction motor, when working 
as synchronous motor, has much too small a synchronizing power and 
also too little overload torque. In other words, it would pull out of 
step with small overload. Let us examine the conditions under which 
this machine will come into step, during the period of synchronizing. 
Let us assume that the machine is started up, under load, as an 
induction motor, and that it is running steadily, as 
such, at a slip s. The corresponding torque is, say, 
which is assumed constant. The relation be- 
tween slip and torque is a linear one in the region 
from slip s to zero slip. The machine has to be 
accelerated from slip s to zero slip, during synchro 
nizing. The synchronizing torque must have suf- 
ficient value to overcome the constant load toiquc, 
and also be sufTiciently great to accelerate the rotor 
from slip s to zero slip. 

Let OA (Fig, 10.:^) represent the vector ofaijplicd 
volts per phase and OB represent the vector of 
generated c.mX per phase due to the field exciuuion. 
OA rotates at a speed corresponding to (he supply 
frequency, whereas 0-0 rotates at a speed corresponding to fi’ccpu'iicy 
of rotation, or the frequency of generated c.m.f. 

The relative angular velocity is proportional to the sli]), and ilie 
time of one revolution of relative velocity is the tinu* of oin* slip 
period, i.e. is assumed stationary and -/?o i evolves at sli]) IVcciuciicy. 
When the vector is in the first and (burlh (juadratUs, w(* Uaw 
generator action, and when is in the second and tliiid (luadriUils, 
motor action. Whether the macliinc will pull into step, ot not, will 
depend on whether, or not, the syiuhronizing U)icjuc action, dining 
the half-cycle of motor action is sufficient, or not, to <uielcial(‘ llic 
machine to full speed. It will be noted that the avcuigc value ol ilu* 
synchronizing torque, at any speed, other than synchronous s[)ec(l, 
over any number of slip periods, is zero. 

Let s = slip 

/ = supply frequency 



10,2 


The slip frequency = sj and the time of one slip j)cri()d 
The synchronizing torcjuc oc sin 0, say, sin 0. 
Let M =: moment of inertia of the rotor 

Tji^j — torc{ue of the induction motor at slip s 


I 
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Ti = torque of the load, assumed constant 
Si = slip corresponding to load torque 

Then we have the equation of motion, 


Now 
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f, sin <? = TH- M~ . 

. (10.34) 

8 

II 

8 

T 


(lea ds 

. ( 10 - 35 ) 

Im^L 

Ti Jj 

. (10.36) 

11 

i' 1 

. (10.37) 


Also 


Now the relative angular velocity of the rotor, with respect to 
the revolving field of the stator 

(10 


SCO. 


(Ux'pja 


here 0 is an ('IccLrieal angle, and we must divided 0 by the number of 
pairs of poles to get the mechanical angle. 


but 


(10 

(ll X p/'i 
(1(0 M (PO 


.uo 


M 


Also 


,1/ 


V, 


(H plu (It- 

t 

(to .t . . M d-O 


, (II) I 


Si <0^ • p/a di 


V, sin 0 


Plu (ir^ 


or 


, (1-0 „ (10 . , 

' "(I? ' '(ll ^ ^ ' 


(io. 3 «) 

(•‘>•39) 

(l()..|0) 

(ro.ii) 

(ro.^ia) 


wlicrc A aiul B ,iro ihe ooclIkiciUs “I \ii cquiUion (io./|2). 


The soliUion of ec|uali<)u ( 10 ./ 12 ) involves (he use of cilipUc 
functions. It is similar to llic equation for the oscillation of a pen- 
dulum with large amplitude of swing. 
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An approximate solution can be obtained by a process of succes- 
sive approximations, by using the expansion for sin 0, viz. 

0^ 0^ 

sin 0 0 ; — h 

Z3 ^5 

The equation is first solved by using the first term 0 for sin 0, and 
the value of 0, obtained from this solution, is substituted in the 
differential equation with the second term added, viz. sin 0 

03 

= 0 ' 2 ^, and a second solution of the differ ential equation is then 


obtained. This process is repeated. This step-by-step method is 
long and laborious. 

We may get some idea as to whether the machine will come into 
step for any given value of the slip in the following manner. Assume 
the machine is started up as an induction motor under a constant 
load torque The slip will be known, for this torque, for any 
motor. 


Let = average value of the synchronizing torque during 
one-quarter of a slip period 

= induction motor torque, average value during the 
speed increase from slip s to slip o 

M = moment of inertia of revolving pans 


Then, assuming average values of and during the acceler- 
ating period from speed coo(i — s) to coq, wc have 

, clo) 


from which 




dl 


T"* To -I- T,r — Tr 

Jo 

I = time of one slip peiiod — ^ 




M’ 


X - 
4 


■ "5? 


M 


lT s:+ T,r,- n 

V iJi/cag 


(ia. 4 , 1 ) 

(10.47) 

(10.4B) 

(10.49) 


This is the limiting value of the slip, corresponding to air average 
synchronizing torque, and an average induction motor torque, 
during the one-quarter of a slip period in which the speed rises from 
cod{i — s) to The machine is assumed to come into step without 
oscillation. The synchronizing power per phase = EJ,, sin 0 and 
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the average value of sin 0, over a quarter of a slip period (for 
constant and /,,) 


= - f sin OdO — - ~ cos 0 

h L 


Tir/4 

0 






0-373 


. (10.50) 


Therefore, the average value of the synchronizing power per 
ase, durii^ onc-quarter of a slip period = and taking 

: case of i?2 = i ’Oyi?! and = /j. 

The average value of the above per phase — 


550 


X 746 = X ?«! 


(Oa — angular velocity of rotor in radians per second 




550 X 0'4 X Eilprii 
ctfo X 746 

o-ags^i/pKi 


Wo 


Ib-ft 


(10.51) 


Tlic limiting value of the slip to come into step is given by equa- 
tion ( I o.4<)), when this value of 7 '^ is substituted and also the average 

s 

induction motor torque at a .slip = - 

One fact emerges very elearly, and that is that the induction 
motor, used as auto-.synehronous motoi has very low synchronizing 
power, and, indeed, will not pull into slc]i against any appreciable 
re.sisling toif|ne. 

'I'lie ((iiestion arisi's then as to how the design of the motor should 
be niodilied (o imike it snil;d)le foi the pmpo.se of running as an auto- 
syiielironoiis machine. A glance at the equation for the gross 
meehanical power developed, and the con c.sponding loiquc will 
show that it is necessary to inerease the value of/,„. This can be done, 
of course, by inti easing (he ratio of field am])crc-Lurns to arnniturc 
ampere-turns per pole, and this involves an increase in the air-gap 
length. 

It would he desirable (o have a maximum torque, or pull-out 
torcpic, as a synchronous motor equal to twice the full-load torque. 
The maximum power, developed by the synchronous motor, per 


pha.se 


4/i’ 

A 


but tins value is obtained only when 0 = y, and 


i.c. for ranges of excitation outside practical limits. 

2 cos y 
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J?24o sin 0 and the maximum 


The power developed per phase 
value of this, when A 90^ 

= .... (10.5a) 

The average flux density, in the teeth of induction motors, is 

probably about 12000 to 13000 lines per cm^, and so it will not 

be possible to increase this by more than 30 per cent without intro^ 

ducing excessive saturation. Assume then it will be 

necessary to make equal to 1*535/1 to obtain a maximum power 

per phase equal to twice the normal input per phase at unity power 

factor. This means an increase of 53*5 per cent in the value of the 

r.m.s. current in the rotor, or a corresponding d.c. current of 2*17 

times the r.m.s. value of the normal induction motor current in one 

phase. In the other two phases, which will be connected in parallel, 

the d.c. current will be 1*085 times the normal r.m.s. rotor current. 

More room will be needed, in the rotor slots, i.c. deeper slols must be 

used, which will necessitate a larger rotor diameter, than would be 

required in an ordinary induction motor, for the same output, It 

might be thought desirable to increase the number of rotor turns pci 

coil, and so keep clown the current for exciting purposes, but the 

voltage generated between the slip-rings at the time of start, limits 

this increase. The torque in synchronous watts, as an inducti(m 

motor « f . 

cos (fij, 

where — volts per rotor phase at standstill 


m, 


^ - b.h.p. X 746 

A^cosc/,, = - 


{'O-fjS) 


i.e. 


EX 


{fO-.-}')) 


(l -j) 

b.h.p. X 746 
7«2( i -i') <^'OS <l)j. 

Taking a value of s — 0*025 at full load 
and cos <[>j. — 0*95 

and 7W2 == 3 

we have EJ^, = 268 b.h.p. 

The r.m.s. value of induction motor, rotor, ciutciU 

268 X b.h.p. 

“ - "E'r • • 

The corresponding direct cuircnt, for cxcilalion, at unity power 
factor for the overload capacity of twice 

_ !2’i7 X 268 X b.h.p. 

_ 582 X b.h.p. 

57 “" • • • 




( ro.5()) 


• (i0'57) 
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and in the other two phases 


1296 b.h.p, 


, (10.58) 


I'hc power required for cxcilalioii in watts (approximately) 

sltf X 58a X b.h.p. 

= -"-j; L X 1-5 

— s X 870 X bJi.p. 

^ s X 0*87 X bdi.p. (in kW) . . (10.59) 

where i* slip 


The loss in the rotorj for the overload capacity statccl> will 
be 2*36 times that in the rotor, v/hen running under full-load current, 
as an induction motor, Clearly the rotor slots will need to be much 
deeper to accommodate the necessary copper. This will mean 
increasing the diamctci of the rotor, except perhaps on large motors. 
A( unity power factor in the stator, considerable reduction in the 
stator copi)cr losses will result, over those in the induction motor. 


Pulling Into Step 

The most favourable position of the rotor, with respect to the applica- 
tion of the d,(\ (‘X(*ilation is that in which the synchionous torque is 



posiliV(‘, i.e. wh(‘n llu* syncluonous l()i(|ue K'duee.s the slip. Should 
tlu' d.t . e\(il«uioJi l>{‘ a[)i)lie(l at an inslaiil of time when the syn- 
(‘hionons Uu((ue is iK'gative, th(‘ slip is ineieased, and if the syn- 
thionous toicjue is not sunicit'HU tliiring (lie positive half-wave to 
i(‘<lu('(‘ tlu' sli[) (join Its in('r(Ms(‘(l value' to /eio, ilu' machine will not 
syiuin oni/e. 

lug, (0.3 shows vaiiallon of slip, when the ci.e. excitation is 
applied, wlit'n 0 iHo. lug. 10,.) shows good position for rotoi, 
wlieii d.c. cxiilation is sii|)|)lied. 

VVe nuiy plot iIk* wiiious torepies graphically as ordinates and 
(} as abscissae. 

'rile induction motor torque 

7^ 7" ✓ i 

•h 




(I VJi) 


